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Abstract

We show that almost all billiard trajectories return parallel to
themselves for rank 1, ergodic polygons. Applications are given to
the existence of periodic trajectories.

1 Introduction.

Consider the billiard in a polygon. A direct application of the Poincaré
recurrence theorem tells us that the orbit of almost every point returns close
to itself. A point in the billiard phase space has a base point  in the polygon
and a direction @, thus close means that both the base point and the direction
are close. In this article we consider a stronger type of recurrence. We fix a
direction 6, and ask does the orbit of (z, #) return close and parallel to itself.
If, for each 6, this happens for almost every z, we call the polygon angularly
recurrent.

Billiards in rational polygons have a well known decomposition into di-
rectional flows [10]. From this decomposition, a simple application of the
Poincaré recurrence theorem shows that billiards in rational polygons are



angularly recurrent. Gutkin and Troubetzkoy introduced the notion of di-
rectional flows for general polygons [13]. The directional flow is on a compact
surface if and only if the polygon is rational. In the noncompact case, one can
not apply the Poincaré recurrence theorem. None the less, Gutkin and Trou-
betzkoy found a class of polygons, generalized parallelograms (all sides of a
generalized parallelogram are parallel to one of two fixed vectors), for which a
noncompact version of the Poincaré recurrence theorem holds. In this article
we generalize this result to a larger class of polygons. This class, consists of
rank 1, ergodic polygons, which will be defined precisely in the next section.
Unlike, generalized parallelograms, it is dense in the set of all polygons. The
mechanism which produces angular recurrence for this class is different than
the mechanism which produced it for generalized parallelograms.

An orbit which is perpendicular to a side returns to that side parallel to itself
it is automatically periodic. This fact was first noticed by Ruijgrok [21] who
conjectured that all triangles have a perpendicular periodic orbit. Thus for
an angularly recurrent polygons, perpendicular trajectories are periodic with
probability one. This fact was exploited by Boshernitzan [3] and Galperin,
Stepin and Vorobetz [7] who independently gave elementary proofs that all
rational polygons have perpendicular periodic trajectories. It was used by
Cipra, Hanson and Kolan [5] who showed that almost every perpendicular
trajectory is periodic in right triangles and by Gutkin and Troubetzkoy [13]
who showed the analogous property for generalized polygons. Here, we apply
the same idea to show our new class of polygons has this property as well.

Finally we turn to the question of stability of these periodic orbits [7]. We
show that every periodic orbit in an arbitrary polygon is stable at least under
a co-dimension 1 perturbation. The set X = X, of all simply connected p-
gons can be naturally thought of as a subset of R*P=2)_ For the periodic
orbits in rank 1 polygons, in particular those constructed in this article, we
explicitly describe p — 2 of the coordinates of the perturbation for which the
periodic orbit persists.

2 Notation and statements of theorems

Let @ be a simply connected polygon. Let ¢ be the billiard flow and T
be the first return map to the boundary 0@). Let P be the phase space of



the billiard ball map, namely P is the boundary 0@ cross inward pointing
vectors. We will use arc length s along the boundary and the angle § with
respect to a fixed reference direction as coordinates of a point z = (s, ) € P.
The natural (finite) T-invariant measure pu is given by dyu = dw df where w
is the perpendicular width measure of a set of parallel rays while the natural
(finite) ¢-invariant measure is given by du dt where ¢ is distance in the flow
direction [10],[22].

The notion of directional flows for general polygons was introduced by Gutkin
and Troubetzkoy [13]. They associated a “flat surface” S = S(Q) to each
polygon (). This surface is noncompact unless the polygon @) is rational. The
surface S has a natural cross section, S intersect the boundary of (), which
we will also denote by S. If we consider the billiard flow (resp. map) only for
points which start in a given direction # then the billiard flow (resp. map)
lives on a copy of S (called Sy) and is called the directional billiard flow ¢y
(resp. map Ty). The natural (possibly infinite) Ty-invariant measure on the
cross section S is the width measure w. The aim of introducing the directional
billiard flows was to obtain a new tool to analyze polygonal billiards. If ) is a
rational polygon then the surface S is compact and w is a finite measure. In
this case the directional flows have been used to prove many deep theorems
about polygonal billiards [1],[3],[4],[12],[14],[15],[16],[17],[18],[23],[25].

For irrational polygons the surface S is noncompact and the invariant mea-
sure is infinite. Thus, for this tool to be useful, one should show that the
directional billiard flow ¢y (resp. map Tp) is recurrent. In [13] Gutkin and
Troubetzkoy showed that for a class of irrational polygons called generalized
parallelograms and some related polygons such as right triangles the direc-
tional billiard flow (resp. map) is indeed recurrent for all §. The main result
of this article is that directional billiard flows are recurrent for wider class of
irrational polygons.

We can formulate our results without referring to directional billiards. We
will denote by 0(x) the angular component of a point x = (s,6) € P. Let
Qo := 0Q x 0, i.e. the set of all points in the direction . For B C @y we say
that a point x € B is recurrent with respect to B if there is a £ > 1 such
that 7%z € B. We call a direction @ angularly recurrent if w-a.e. point x € B
is recurrent with respect to B for each measurable set B C Qy. We call a



polygon Q angularly recurrent® if it is angularly recurrent for each direction
f. In particular, the orbit of u-almost every point returns parallel to itself
for an angularly recurrent polygon. From the decomposition into directional
flows, it easily follows that rational polygons are angularly recurrent [10],[22].
In [13] it was shown that generalized parallelograms and right triangles are
angularly recurrent.

Consider the abelian group Gy C S! generated by the angles of a polygon.
This group is a direct product of Z" and a finite cyclic group. The number r
is called the rank of the polygon, and is equal to the number of independent
irrational angles of the polygon? [13]. Our main result is:

Theorem 1 Any rank 1 polygon for which T? is ergodic is angularly recur-
rent.

As an immediate corollary we have:

Corollary 2 w-almost every perpendicular orbit is pertodic in any rank 1
polygon for which T? is ergodic.

The proof actually uses a fact which seems to be substantially weaker than
ergodicity. We believe that ergodicity is an unnecessary assumption in the
statement of this theorem, that is any rank 1 polygon is angularly recurrent.
The proof of this fact must be along different lines than our proof. Since
a triangle which is ergodic must be irrational lemma 1 implies that any
triangle for which 72 is ergodic and which has one rational angle is angularly
recurrent.

We return to the space X of all simply connected p-gons. We number the
angles {a1, ag, . .., o, } and the set of lengths of sides {ly, Iy, ..., 1, } clockwise.
Since the existence of periodic billiard trajectories does not change under
similarity we can normalize by setting [; = 1. The angle «; is determined
by the other angles and the lengths I, /3 are determined by the remaining
angles and lengths. Thus we see that X is 2(p — 2) dimensional. Let X,; =
Xoa(t1y---yin, J1s---,7m) be the set of all polygons for which a fixed set

Lthis concept was called strong recurrence in [13].
2For interval exchange transformations, the number r + 1 is usually called the rank [2].
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of angles and lengths are prescribed, ie. if « € 7- Q™ and [ € Q™ are
fixed vectors then Q € X, if and only if {oy, : £ = 1,...,n} = a and
{l;, k=1,...,m} =1. Let G = Gg C O(2) be the group generated by
reflections in the sides of (). To show that the set of polygons considered in
theorem 1 is dense we will need a special case of the following theorem.

Theorem 3 There is a dense G subset in X for which all powers T*, k > 1
of the billiard ball map are ergodic. This also holds with X replace by X, for
any « all of whose components are rational multiples of m or more generally
for X replaced by any subset of X with the property that for any number M
the set of rational tables Q in the subset with card(Gg) > M is dense.

The theorem implies that there is a dense set of rank 1 polygons for which
T? is ergodic. Periodic trajectories in rank 1 polygons are not necessarily
stable under arbitrary perturbations. However, they are stable under a sub-
class of perturbations which keep one within rank at most 1. The set of
rational polygons together with rank 1 polygons consists of a dense family
of p — 2 dimensional manifolds. Remember that «aq,[,ls, 3 are either fixed
or determined by the other variables. If the polygon () has p — 2 rational
angles and & is one of the irrational angles, then the manifold M (Q) is given
by an open ball in the coordinates: &,la,...,[,. If @ is rank 1 with more
than 2 irrational angles (which have some rational relations between them)
then M(Q) is still a p — 2 dimensional open ball, whose angular component
is restricted to the appropriate hyperplane.

Theorem 4 If () is rank 1, then for each periodic orbit in @ there is an
€ > 0 so that the periodic orbit persists under any perturbation in the e-ball
B C M(Q) centered at Q.

In particular we can applying the theorem to the periodic orbits which we
constructed in rank 1, T?-ergodic polygons. For triangles the parameter
space is awg, 3. The set of polygons for which a periodic orbit exists then
consists of three dense sets of interval, a dense set of vertical intervals, a
dense set of horizontal intervals and a dense set of intervals with slope -1
which correspond to & being a3, as and a4 respectively.

If @ is rank 7 then one can define an analogous explicit set M (@) such that
each periodic orbit in @) is stable under any perturbation in an e-ball in



M(Q). The set M(Q) is p — 3 + r dimensional. Perturbations of the lengths
ls,...,l, and an explicit r dimensional submanifold of the angular parameters
are allowed.

Using the implicit function theorem one can show that periodic orbits are
stable under more general perturbations.

Theorem 5 Suppose Q) is an (arbitrary) p-gon with a periodic orbit. Then
there is a co-dimension 1, open submanifold N(Q) C X, with P € N(Q)
such that the periodic orbit is stable under any perturbation in N(Q).

Remark: The submanifold N(Q) is thus not explicit since it is given by
the implicit function theorem. Under the assumptions of theorem 4 we have
M(Q) C N. Thus, theorem 4 is more explicit than theorem 5.

Remark: I learnt the argument of theorem 5 from an anonymous referee (in
the case the periodic orbit is perpendicular) who attributed it to A.M. Stepin.

Remark: It is known that if 7 is ergodic for all ¥ > 1 and there is a ¢ such
that limsup,,_, u(T"AN B) < cu(A)u(B) for all measurable sets A, B then
T is strongly mixing [19]. If, as commonly believed, polygonal billiards are
never mixing [14],[12], then in fact the following is true

u(IT™AnN B)

suplimsup ———— = o0
AB nooo Ju(A)u(B)

3 Polygons with one irrational parameter.
Proof of theorem 1: The proof consists of two lemmas.

Lemma 6 Suppose Q is rank 1 and T? is ergodic. Then Lebesque almost
every 0 the direction 6 is angularly recurrent.

Proof of lemma 6: Suppose () has p sides. The irrational angles of
the polygon will be called ay, s, ..., o, the rational angles will be called
Qt1, - - -, 0p. We introduce some more notation which will enable us to give
an explicit encoding of the rank 1 structure.



Let O(2) be the group of isometries of the unit circle S'. Let G C O(2) be
the group generated by the reflections ;,1 < ¢ < p in the sides of (). Any
g € G has a representation ¢ = o0y, --0y,,l > 0. We write p, = 0,0, so
that p; is the rotation by 2q; where ¢ is the angle between sides ¢ and j.
Let z be a point in . We can code the orbit segment {x, T?x,...T?"z} by
G=0i iy = Pty P,

The subgroup Gy = G N SO(2) has index two in G, and Gy is generated
by rotations by 2cy for £ = 1,2,...,p. The group Gy is a direct product of
Z" and a finite cyclic group. The finite group is generated by all rational
solutions s/t of the equations Y-¥_, n;o; = s/t where n; € Z. In particular,
by choosing n; = 1 for some ¢ > k and all other n; = 0, we see that the
rational angles a1, .. ., o, all belong to the finite group. The number r < k
of independent irrational angles of the polygon is called the rank of the
polygon [13].

We choose (1, ..., B, generators of Z" and « a generator of the finite group.
Suppose 0; € S! for i = 1,2. We write 0; ~ 0, if §; — 0, = 0 mod 2a and we
say 6, is weakly parallel to 6. The equivalence class {6} of 6 is finite since
« is rational.

For x € P we define a function f(x) to keep track of whether the orbit

segment {x, T2z} is coded by a rational rotation, or a rotation by 2a, . . ., 20
as follows. Since the polygon () is rank 1 there is an irrational number g = 3,
and nonzero integers m;,7 = 1,2, ..., k such that a; ~ m;5. We define

1. f(z) =0if O(z) ~ O(T?z).

2. f(x) =m; if O(x) ~ 0(T%z) + 2c; for some 5 € {1,2,...,k}.

Let inv be the natural involution define by turning a particle around. The
function f is measurable, bounded and thus integrable. The integral of f is
0 since f(z) = —f(inv(T?z)).

We consider Qg := @ x {6}. We can now explicitly define the encoding of
the rank 1 structure. We keep track only of the Z part of this structure, it is
given by Qg42sn) Where n € Z. The set Sgp = U,z Qo+28n) 18 T? invariant.
It is the natural cross section of the flat surface introduced in [13]. The



function _1
Ap(z) ==Y f(T%x)
n=0

keeps track of which level 72"z is on, that is %"z € Q{o+28my if and only
if A,(x) = m. The measure w on Sy is T and thus 77 invariant. It is an
infinite measure. If we restrict the measure w to Qg then it is finite and
(once we have shown that the first return map of 72 to Q1py is well defined)
it is Té m-invariant.

The idea of the proof is now as follows. The phase space P is the union of the
invariant surfaces Sy. The integral of f is zero, thus by ergodicity the average
level on which an orbit is on converges to zero for almost every point. If for

a set of positive measure of the #’s, a set of positive w-measure never returns
to level zero, we will get a contradiction.

By the ergodic theorem for p-a.e. point x = (s, ) we have
1
~A,(@) > [ f(@)du(z) = 0.

Applying the Fubini theorem we have that A,((s,8))/n — 0 for w-a.e. s for
a.e. 0. If @ is typical in this sense, then for each ¢ > 0 for w-a.e. s there
is a N9 = N((s,0),¢€) such that [A,((s,0))| < en for all n > N, 4. For
fixed typical 6 we choose N so large that the set Gn(6) := {(5,0) € Qg :
N4 < N} has w-measure greater than (1 — €)w(Qye}). For convenience we
normalize w(Qyg3) = 1, thus we have

w(Gy(0)) > (1 —¢). (1)

Let By C Qs be the set of all points in ()9 which never return to Qg
under the action 77, that is Bygy = {z € Qo : 0(T%z) o 0(z) Vi >
0}. We claim that T% By N T* By, = 0 for all j > i > 0. Otherwise
Bygy N T*0=9Bg, # () which contradicts the definition of Bygy. Thus since
T? preserves the measure w we have

n—1

w(|J T%Bygy) = nw(Bg))- (2)

1=0



Now by equation (1) we immediately have

n—1 n—1

w (U T?(G% N B{g})) <w (U TQi(va)> < en. (3)
i=0 1=0

Next if © € Gy N Bygy then by the choice of N we have |4,(z)| < en and

thus 7°"z € Ujp|<en Qio+28my for all n > N. Thus

n—1
w <U T?(Gy N B{@})) <en sgp w(Qqpy) = enCh (4)

i=N
where (' is a positive constant defined by the last equality. Finally

w(|J T%(Gy N Bgy)) < C1 - N (5)

i=0
holds for all # € S'. Combining equations (2)-(5) yields
nw(Byg) < C1N + enCy + en (6)

for typical @ for all n > N. Since ¢ > 0 is arbitrary we have shown that
w(Bygy) = 0 for a.e. . We have shown that the first return map Té{e} to
the set Qg is well defined w-almost everywhere. Since w(Qys) < oo the
Poincaré recurrence theorem implies that Lebesgue a.e. direction # is angu-

larly recurrent. O

The above argument does not preclude the existence of bad directions 0’s
which are not angularly recurrent. To show this we need an additional argu-
ment. Let M = max{m;} where the m; where defined by a; ~ m;[5.

Lemma 7 Suppose that Q) is a rank 1 polygon for which there is a direction
0 such that all the directions 6 + 28n are angularly recurrent for In| < M.
Then every direction 0 is angularly recurrent.

Ergodicity is not used in the proof of 7. Using lemma 6 for any rank 1, T°-
ergodic polygon we can find a direction # such that the directions 8 +20n are
angularly recurrent for all n € Z. Thus theorem 1 follows from the lemmas
6 and 7. a



Proof of lemma 7: For x = (s1,0;) let Us(z) = {(s2,02) : max(|s; —
s9|,161 — 0]) < 6}. For fixed Qg and for any x € Qg which returns
to Qa,) let n(z) be the first return time of T2, ie. T?"®) € Q4,) and
T?™z & Qqo,3 if 0 < m < n(zx). By local continuity (consider the unfolding?
of length 2n) there is a §-ball Us(z) in the phase space P(Q) centered at x
such that for any point y € Us(x) the orbit segments {y, T2y, ..., T?™®)y}
and {z,T?z,...,T?®)z} hit the same sequence of sides and thus we have
O(y) ~ 6(T)y).

We call a point « € Qyg,} angularly recurrent if there exists an integer n(x)
such that 7%) ¢ Qqo:3- Let Ry y be the set of points x € Q4,3 which are
angularly recurrent. Let

Mig,3(0) = {U Us(z) : = € Qq,3, such that all points (7)
y = (5,0(y)) € Us(x) satisty T°"®)y € Quo(q) }-

All y € My,3(9) are angularly recurrent points. Thus, if |§; — 6] < § then
since Us(z) is an {*° ball in the (s, #) coordinates we have

Qo3 N Mp,1(0) C Rygyy- (8)
Clearly, for any #; whenever d, < §; we have
Qio1y N Myp,3(61) C Qqoy N Mg, (02)- 9)

Thus from the definition of My,;(d) it is clear that

Qony N U Myg,3(6) = Rypyy- (10)

>0

Now let #; = 0 where 0 is the angularly recurrent direction in the statement
of the lemma. We will Using equations (9) and (10) for each € > 0, we can
choose § = §(€,0) > 0 so small that if |§ — 0| < § then

w(Quy N M () > (1= Du(Re) = (1 - Dw@um) (1)

and

(12)

Wl ™

i [ V(@) 0@y N Mgy (9)) (|
w(Qgy) w(Qegy N My (6)) | —

3See [10],[22] for the definition of unfolding.
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Combining inequalities (12) and (11) implies

w(Qgy N Migy(6)) = (1 — w(Qgy). (13)
Equations (8) and (13) imply that then
w(R{é}) >

—— > 11— 14

w(@{é}) B ‘ 14

Since 6+ 2fn is angularly recurrent for |n| < M we can choose 6, = (¢, 0, n)
so large that
w(R{é+2,3n})
w (Q{é+2ﬂn})
for all 4 satisfying \é — 0] < d,. Let 6 = minj<ps 0.

>1—c¢ (15)

Consider an arbitrary direction 0. Since § is irrational we can choose ny >M
and n_ < —M such that the angles 0. = 0+ 2n. 3 satisfy |0Ai —0| < 6. Thus
applying equation (15) for each Of 0. we have at least (1 — €)% of the points
on level ny +n (|n| < M) are angularly recurrent:

w(R{é+2B(ni —|—n)})

>1—e (16)
W(Q 1312805 1m)})

Next we show that for every 6 w-a.e. point recurs to some level (not necessar-
ily the level it is on) infinitely often. Let Cié} C Qg be the set of 7 € Q5
which do not recur to any level infinitely often. Suppose w( 19}) > 0. Let
Cygy = {TH=0g : x € Cf{é}} where 2[(x,0) defines the time of the last visit
of z to level 0. Since x — T?®0 defines a measure preserving embedding
we have w(Cy) = w( Eé})' Just as with Byg above we have all forward
images of C\y, are disjoint, i.e. TQiC{é} ﬂTZjC{g} = forall j > 7> 0. For all
levels m which a point 2 € Cy, reaches define 2i (x,m) to be the last time x
reaches level m. Let Cié’n be the set of x € C (6 whose orbit visits the level
ny + n. Since M is the maximal number of levels a point can jump in one
step, and x € C {6y must visit infinitely many levels the orbit of each x € C (6}
must visit at least one of the levels ny £ n for some |n| < M, thus we have

Cap= U Oy (17)

In|<M o
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For n € Z the map x — T2 ®n++n)z defines a measure preserving embedding
of C{ié’}" into the set of points which on level n4 +n which never recur to that
level. Thus, for |n| < M using equation (16) we have w(C{ia}") < Che. Since
¢ was arbitrary using equation (17) we have w(C(;) = 0 = w(Cly).

Finally let B () be defined as before, the points in @) 0 which never recur
to Q{é}. Let B™. C B{é} be the set of points which return to level m in-

{0}
finitely often. By the previous paragraph B{é} = Umxo BT{%} mod 0. Thus if
w(By3) > 0 then there is some level, call it m, for which the set By, C By,

has positive width. But since the forward images of B%} are also disjoint

from one another it can not hit level m infinitely often since the map is mea-
sure preserving. Thus w(B?‘é}) = 0 for all m. Thus, just as before, the first
return map to Q{é} is defined w-a.e., but now for all 0. Since w(Q{é}) < 00
the theorem follows by applying the Poincaré recurrence theorem.

4 Generic ergodicity of all powers of the bil-
liard map.

Although the results of this section are new, they can be derived by combining
results of several other authors with only small changes. We include the
proofs for completeness. Kerckhoff, Masur, and Smillie have shown that
if () is a rational polygon then the billiard flow ¢, is uniquely ergodic for
Lebesgue a.e. 6. Using this result, by approximating general polygons by
rational ones they showed that for a dense G5 in X the billiard flow is ergodic
[16]. Their proof also shows that for each « all of whose components are
rational multiples of 7 the billiard flow is ergodic for a dense G5 in X,;.
In both cases it follows that there is a dense Gj of triangles for which the
billiard ball map 7' is ergodic.

An alternative proof of this fact is derived by combining results of Masur and
Boshernitzan. For any integer n > 1, denote by Vg(n) the set of generalized
diagonals of length n, that is the set of trajectories which connect a pair of
vertices of (), which avoid the vertices of () at the intermediate points and
which involve (n —1) reflections. Let Wg(n) = U}_, Vo(j). Boshernitzan has
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shown that if () is a rational polygon satisfying
card(Wg(n)) = O(n?) (18)

then the billiard flow ¢4 and billiard transformation 7j are uniquely ergodic
for Lebesgue a.e. € [1]. This proof can be simplified by applying the Veech
criterion [2, 24]. Later Masur verified equation (18) for any rational polygon

Q [18).

Lemma 8 If () is a rational polygon then for Lebesque almost every 0 the
billiard transformations Ty are ergodic for all k > 1.

Proof: It is well known that the billiard transformations Ty and their powers
TF are interval exchange maps for all k£ > 1 [10],[11],[14],[22]. Let m, =
m(T") be the minimal length of the intervals defining the interval exchange
.

Veech has shown that if 7" is minimal and lim sup,,_,,, nm,(7) > 0 then T
is uniquely ergodic [2, 24]. Using Masur’s quadratic growth estimate [18]
Boshernitzan verified that for almost every 6 Veech’s criterion holds for 7.
Since the m,, are monotonically decreasing this implies that for each fixed
k > 1 we have limsup,, ., nm,(T*) > 0.

To conclude the lemma we need to know that for almost every # the interval
exchanges Ty are minimal for all £ > 1. There is a well known sufficient
condition for minimality: if 7 has no orbit starting from a singular point and
ending in a singular point (called a saddle connecting in the terminology of
interval exchanges and a generalized diagonal in the terminology of polygonal
billiards) then Tj is minimal [2]. Once this condition is satisfied for Tj it is
clearly satisfied for T for all k£ > 1. There are only a countable number of
directions € for which Ty has a saddle connection, completing the proof. O

Proof of lemma 3: The proof the approximation argument is similar to
the one given in [16]. They prove the generic ergodicity of the billiard flow
while we need to prove the generic ergodicity of the powers of the billiard
map.

It suffices to prove the result for any compact subset of X, thus without loss
of generality we assume that X is compact. Each x € X corresponds to
a polygon @Q,. Assume the arc length of the boundary of each @), is one.
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All notation from before will now carry the subscript x, i.e. P, is the phase
space of the billiard ball map for @), (not flow as in [16]), p, is the invariant
measure, etc. Let PX be the bundle with base space X so that the fiber, P,
over z is the phase space P,.

Choose a sequence of continuous functions fi, fo,... on PX which, when
restricted to P, for any x € X, are dense in L?*(P,). Let E(i,n, N) be the
set of x € X for which

1 N-1

2
1
/zEPz {N g fi(TH2) = /Pm fi dﬂz} dpg < e

Let Eg(i,n) = UP_Ex(i,n, N), let E =N, N2, N, Eyx(i,n). The set of
x € X for which T*|P, is ergodic for all k¥ > 1 is precisely E [20]. We prove
that:

1. The sets Ex(i,n, N) are open and

2. For a given k,i,n there is an M such that Ej(i,n) contains all rational
tables x for which card(G,) > M.

Lemma 3 follows from the two statements. The statements are consequences
of the following two lemmas. O

Lemma 9 Let N > 0 and k > 1 be fized. Let f be a continuous function on

PX. Then
1 N-1

2
/zer {N ; f(TkZZ) - /Pz fduw} diig

depends continuously on .

Proof: For y € X let a(y) = Ip, f dy. We begin by proving that a(y) is
a continuous function of y. Let U; C X be a neighborhood of z. For each
y € Ui, there is a homeomorphism h, between the boundary 4@, and S'
and this homeomorphism is continuous as y varies in X. Let vert(y) denote
the set of vertices of @,. Let dQ1 C S' be the set of s € S! such that
s & {h, " (vert(y)) : y € Ui}. Let F = sup|f|. By choosing U, sufficiently
small we can assume that the length of 0Q); is greater than 1 — €/(3F'). Let
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P; be 0Q); cross [0, 7] (here we use a different angle coordinate, namely the
angle is measured with respect to the clockwise pointing tangent). Let u; be
the product of the length measures on P;. Using the homeomorphisms h, we
can naturally view U; X P; as a subset of PX.

Let b(y) = [,cp, f(y,p) dps. The continuity of b follows from the continuity
of f. Furthermore, for y € Uy, b is close to a:

Wl ™

aly) = b(w) < [, pFdns (PP F <

Let Uy C Uy be a neighborhood of = consisting of points y for which |b(x) —
b(y)| < €/3. Then for y € Uy we have

la(z) = a(y)] < |a(z) = b(z)[ + [b(z) = b(y)| + (b(y) — aly)| < e

This completes the proof of the continuity of the function a.

We replace the function f by the function f as follows: for z € P,, f(z) =
f(z)—a(y). Then the proof of the lemma reduces to the proof of the continuity
of the following function(s):

Let 7 be the projection from P, to ),. For z € P, C PX define

l(z) = l(k)(Z) = 0<i£1£71 d(ﬂ-(Tkzz)a U)'
vEvert(y)

If T*z is not defined for some i between 0 and N then we define [(z) to be
zero. Clearly [(z) is a continuous function of z.

To prove the continuity of the function ¢ we fix x € X and let € > 0 be given.
Choose a neighborhood U; of = such that the length of the set 0Q); is at least
1—¢/(10F).

The gradient of [ at z € P, where [(z) = 0 is non-zero. So, by the implicit
function theorem, the set of z € P, for which [(z) = 0 has codimension 1 in
P,. Thus, it has measure zero. Let C; = {z € P, : l(z) > d§}. Choose § > 0
so small that the measure of Cj is at least 1 — ¢/(10F). Let Ds = {(p,v) €
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Cs : p € 0Q1}. We can identify the set U; x Dy with a subset of PX in
a natural way via (y,p,v) = (y,h, he(p),v). Let [(y) be the infimum of
I(z) for z € PyNU; X D;. Now [ is continuous and I(z) = J. We can find a

neighborhood U, C U; so that for y € U,, [(y) is positive. For each y € Us
let d(y) denote the integral

d(y) = d¥(y) = /

1 N-1 i

— A dpsy.
2€YXDs {N ZZ:;) f( Z)} ,U,y
Since, for each k& > 1 the function f(T*'z) is a continuous function of z for
each i € {0,1,...,N — 1} and y € U, x Ds, the integral varies continuously.
We can find a neighborhood Uj of z on which d varies by less than €/3. The
difference between d(y) and c(y) is less than ¢/3. Thus for y € Us,

e(z) = c(y)] < le(z) = d(2)| + |d(z) = d(y)| + [d(y) = cy)| < e

This completes the proof of the continuity of ¢ and the proof of the lemma.
O

Lemma 10 Fiz n > 0 and a continuous function f on PX. Choose § >
0 so that if the distance between two points 01 and 0y is less than & then
|f(61) — f(02)] < 1/2n. (Recall that PX is compact.) Let M be greater than
2/6. Let Q be a rational polygon with |G| > M. Then for each k > 1 for
each N sufficiently large

1 N-1 2 1/2 .
ki
{/zer {N ; f(T Z) B /Pz fdlu'w} d,uw} < %

Proof: Since x is fixed we well drop the subscripts from P, (), G and u. For
0 € S' be u() = 1/|G| [,ex, f(z)dm where dm is the arc length measure on
Xy and Xjy is the collection of intervals forming the interval exchange map
associated to Ty. For z € P let u/(z) = u(f) when z € Xy. For z € P and
k> 1 let v%c)(z) = 1/NY f(T*2). Let intf denote [,.p f(2)du. The
quantity which appears in the lemma is the norm in the space L?*(P) of the
function v](\l,“) —intf.
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Claim. limN_>oo||v§\’;) —u||=0 Vk>1.

The intervals X, are parameterized by § € S'/G. We evaluate the norm by
integrating first with respect to Xy, then with respect to 6, that is for each
k > 1 we have

1/2
) _ 1 = 1 ) () — ol (2))2dm dO
=l =16 [ i [, 8 - w@paman)

Let w%” = {ﬁ Joex, (vg\]f) (z) — u’(z))Qdm}I/Z. Then for each £ > 1 we have

1/2
k k
o® — of|| = {\G| wﬁv>(0>2de} .
9est/G

For each 0,k the ergodicity of T%| X, implies that limy_,q wg\lf) () = 0. By
lemma 8 we have ergodicity for almost every 6. Since the functions w%c) are
bounded and converge pointwise almost everywhere to 0 they converge to 0

in norm. This completes the proof of the claim.
Claim. ||u' —intf|| < 1/2n.

The norm of the function «' — intf in L?(P) is equal to the norm of the
function v — inff in L2(S!). Let #; be a point in the circle at which u
assumes its maximal value B. Let 6, be a point at which u assumes in
minimum value b. Note that u is constant on the orbits of G. The distance
between neighboring points in a G orbit is less than 2/|G| < 2/M < 6. By
replacing 6, by some vy where v € (G, we may assume that the distance
between #; and 6, is less than ¢. It follows from the continuity assumption on
f that since 6, and 65 are closer than 0 then |B—B| = |u(f;) —u(62)| < 1/2n.
Since u is defined by averaging f, the integral of f over P is equal to the
integral of v over S'. Thus b < intf < B; hence for each § € S' we have
|u(f) —intf| < 1/2n and thus |ju — int f|| < 1/2n. This completes the proof
of the claim.

We now complete the proof of the lemma. For each fixed £ > 1 choose N
sufficiently large that ||v](\l,c) — /|| <1/2n. Then

o —intf|| < (|08 — /|| + |[o/ — intf]| < 1/2n+1/2n = 1/n.
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5 Proof of theorem 4

Fix a rank one polygon Q). Note that M(Q) consists of rank 0 and rank 1
polygons. Let a(Q) be the generator of the finite group as in theorem 1. The
main observation is that since @ is rank 1 then the number o(Q) = a(Q) for
all rank 1 Q € M(Q). On the other hand if Q € M(Q) is rank zero then the

generator is a divisor of a(Q). For notational purposes let o = a(Q).

To be more explicit about the space of p-gons we put one of the vertices
of @ at the origin (say the vertex with angle «;) and put the side which
connects vertex one to vertex two (i.e. the vertex with angle ay) along the
x-axis for all our polygons. Without loss of generality, we will only consider
orbits which hit the side lying on the z-axis (otherwise we simply need to
think of another side a being fixed by the perturbation). If the period is
odd then the orbit is stable for arbitrary small perturbations [7]. Fix the
periodic point x in the phase space of () with period 2n. Then we have
O(T*x) = 0(x) + X7, 2n;a; = O(x) mod 2. Since @ is rank 1 the only way
this can happen is if 8(T*"x) = 6(z) + 2ma and 2ma = 0 mod 27.

Consider the unfolding of length 2n and let [ denote x’s orbit. The bottom
and top polygons in the unfolding are parallel (figure 1(a)). Consider small
perturbations, Q € M(Q). If we think of the unfolding as a collection of
glued copies of @) (resp. Q), then the above calculation shows that the top
and bottom of the unfolding are parallel for any QeM (Q). The orbit [
stayed a certain distance away from the vertices. Thus there will be a small
open set O (in X,) of polygons such that for all Q € O the orbit of the point
(z,0) € Q will have one and the same unfolding of length 2n.

In particular, if Q € M (Q) then the orbit [ of (z,0), after 2n reflections,
returns parallel to itself to a point (y,6) (figure 1(b)). For perpendicular
periodic orbits this completes the proof. For other periodic orbits, note that
by continuity y = y(Q) — x as Q — (). In particular the orbit segment [
which denotes the first 2n bounces of (z,)’s orbit in P will approach I.

Consider the segment S which connects the point z on the bottom of the
unfolding to the point x at the top of the unfolding. Note that S is not in
the direction @ (unless [ is already periodic). If $ lies in the unfolding then
it is a periodic orbit. Clearly S =1 as Q — . Thus, since [ stays some
definite distance away from the vertices, S will stay in the same corridor as
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[ if the perturbation is sufficiently small. Thus Sis a periodic orbit. O

6 Proof of theorem 5

Fix a polygon @) with a periodic orbit. If the period is odd then the pe-
riodic orbit is stable for arbitrary small perturbations [7]. Thus we denote
the period by 2n. Consider the unfolding of length 2n and let [ denote the
“central” periodic orbit of the unfolding. The bottom and top polygons in
the unfolding are parallel. Let the sides of the polygon be labelled 1,2,...,p
and o; € S! be the angle that side 4 makes with respect to some fixed ray
in the plane. Let i1iy...1%5, be the sequence of sides that the orbit hits, we
call this the orbit’s code word of length 2n. Let # be the initial direction of [
measured with respect to the tangent to the initial side) and x be !’s initial
point (figure 1(a)).

Consider small perturbations of ). If we think of the unfolding as a collection
of glued copies of @), then it will change in a continuous way. Similar polygons
have the same billiard dynamics, thus we can assume that the initial side
remains fixed. The orbit [ (in the original unfolding) stayed a certain distance
away from the vertices. Thus there will be a small open set O (in X,) of
polygons such that for all Q € O the orbit of the point (z,0) € @ will have
one and the same code word of length 2n or equivalently the same unfolding
of length 2n. In general the top and bottom of the unfolding need not be
parallel. One can explicitly compute the angle between the top and bottom
copies of @, it is 2(a, — @y, + iy — ... — @, ). Since this function is linear
we can find a co-dimension 1 open submanifold N(Q) C O for which the top
and bottom are parallel.

Thus if Q € N(Q) then the orbit [ of (z,6), after 2n reflections, returns
parallel to itself to a point (y,#) (figure 1(b)). By continuity y = y(Q) — «
as Q — Q. In particular the orbit segment [ which denotes the first 2n
bounces of (x,#)’s orbit in P will approach L.

Consider the segment S which connects the point z on the bottom of the
unfolding to the point x at the top of the unfolding. Note that S is not in
the direction 6 (unless [ is already periodic). If S lies in the unfolding then
it is a periodic orbit. Clearly S — [ as Q — . Thus, since [ stays some
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definite distance away from the vertices, S will stay in the same corridor as
[ is the perturbation is sufficiently small. Thus S is a periodic orbit. O
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