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ABSTRACT. While counting lattice points in octahedra of different dimensions
n and m, it is an interesting question to ask, how many octahedra exist con-
taining equally many such points. This gives rise to the Diophantine equation
pn() = pm(y) in rational integers x,y, where {px(z)} denote special Meixner
polynomials {M,EB’C)(x)} with 8 = 1, ¢ = —1. In this paper we join the al-
gorithmic criterion of Bilu and Tichy [4] with a famous result of Erdés and
Selfridge [6] and prove that the Diophantine equation
M}Lﬁ’q)(az) — Mr(nﬁvc2)(y)

with m,n > 3, 8 € Z\ {0,—1,—2,—max(n,m) + 1} and c1,c2 € Q\ {0,1}
only admits a finite number of integral solutions x,y. This generalizes a result
given by Bilu and the authors [3]. As an immediate consequence of the inves-

tigation an analogous result for general Krawtchouk polynomials {K}(f’N)(x)}
is obtained.

1. INTRODUCTION

Sometimes polynomial Diophantine equations of type

(1) P(z) =Q(y)
with P(x),Q(z) € Q[z] come across by means of combinatorial counting prob-
lems [3, 8, 9, 10, 11, 12, 13]. For instance, consider the following question [3, 11]:

Given distinct positive integers n, m, how often can two octahedra of dimensions
n and m respectively, contain equally many integral points?

Recall that an n—dimensional octahedron of size r € Z~ is the convex body in
R™ defined by |z1| + -+ + |z,| < 7. Let p,(r) denote the number of such integral
points (x1,...,2,) satisfying the inequality. Erhardt [5] proved that p,(r) is a
polynomial in 7 of degree n indeed for any general lattice polytope described by

aq a2 2%
where aq, ..., a, are positive integers. In the general case the Ehrhart polynomial
is difficult to access and its coefficients involve Dedekind sums and their higher
analogues [1]. However, in the special case of symmetric octahedra, Kirschenhofer,
Petho and Tichy [11] could show that p,(r) can be made explicit, namely

©) mi =32 (5) () = on 2
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(3) gFl[ o0 ;z] =3 @i

=

is the Gauss hypergeometric function with (a)p = 1 and (a); = a(a+1) ... (a+k—1)
being the Pochhammer symbol. Thus, the original combinatorial counting problem
can be restated by means of a polynomial Diophantine equation:

How many solutions in positive integers x,y can the equation p,(x) = pm(y)
have?

The general answer to the problem has been obtained in [3] by an approach
suggested by Bilu and Tichy in [4].

Theorem 1 (Bilu-Stoll-Tichy, 2000). Let n and m be distinct integers satisfying
m,n > 2. Then the equation

Pn(x) = pm(y)
has only finitely many solutions in rational integers x,y.

In other words, sufficiently large octahedra of distinct dimensions n, m cannot
have equally many lattice points.

In this work we extend the result of [3] by taking advantage of a well-known re-
sult of Erdos and Selfridge [6] which states that the product of consecutive integers
can never be a perfect power. We obtain finiteness results for Diophantine equa-
tions involving general Meixner polynomials M ,gﬂ <) (z) which again depend on the
additional parameters 8 and c. By putting 8 = 1 and ¢ = —1 we get Theorem 1 for
m,n > 3 as a special case. Results of the same type for other polynomials including
several parameters have been obtained by Kirschenhofer and Pfeiffer in [12, 13] and
by the authors in [15, 16, 17]. However, in the present paper a major difference has
to be noted. The conditions on the parameters 0 and ¢ are explicit and we don’t use
distinctive analytical properties (such as orthogonality) of the polynomials under
consideration.

We also remark that the idea of the proof applies whenever the leading coeffi-
cients of the polynomials are built up by factorials. So, for instance, the approach
also works fine in the case of the Pochhammer—Wilkinson polynomials defined by
wi(z) =1 +2)(1+22)...(1 + k).

2. GENERAL MEIXNER AND KRAWTCHOUK POLYNOMIALS

There exist various definitions of Meizner polynomials. From a historical point
of view the so-called Meizner polynomials of the first and second kind are of great
interest, they form orthogonal Sheffer families [11]. The family {p(z)}, defined in
the previous section, does not form an orthogonal family, However, orthogonality
can be achieved by a substitution [11, Theorem 3.3]. In fact

(4) Ma () = i"Elpr(—1/2 — iz /2)

with Mj j(x) denoting the orthogonal Meizner polynomials of the second kind. The
classical definition of Meizner polynomials of the first kind involves a hypergeomet-
ric function of type (3),

1- .
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Above all, the modern Askey-scheme [14] suggests one single definition of Meixner
polynomials which does not use the leading Pochhammer symbol, i.e.

(8,¢) _k7 - 1
(5) Mk C(l‘): 2F1|: ﬁ ,1E:|
We use this definition while noting that by (2) and § =1, ¢ = —1 we have
(6) pr(@) = MV (a).

It is well-known that the general family {M ,gﬁ ’C)(x)} defines a discrete orthogonal
polynomial family if and only if # > 0 and 0 < ¢ < 1. To avoid orthogonality
arguments in the forthcoming investigation therefore also makes it possible to let
the parameters vary more freely.

In [14] Koekoek and Swarttouw also give a two-parametric definition of the
Krawtchouk polynomials:

™% 1 n=0,12..., N.

(7) KN () = Z‘Fl[ N

Comparing with (5), the following connection to Meixner polynomials is straight-
forward:

(8) KN () = MM/ (@),
3. MAIN THEOREM

Theorem 2 (General Meixner polynomials). Let n and m be distinct integers
satisfying m,n > 3, further let 8 € Z\ {0,—1,—2, —max(n,m) + 1} and c1,c2 €
Q\ {0,1}. Then the equation

o) MIPD (@) = M )
has only finitely many solutions in integers x,y.

In particular, the main part (m,n > 3) of Theorem 1 now follows easily from (6)
by putting 5 = 1 and ¢; = ¢o = —1. On the other hand, by (8) and by choosing
B=—-N,c1 =p1/(p1 — 1) and ¢ = p2/(p2 — 1) we have

Corollary 3 (Krawtchouk polynomials). Let n and m be distinct integers satisfying
m,n > 3, further let N > max(m,n) and p1,p2 € Q\ {0,1}. Then the equation

(10) KP(o) = K (y)
has only finitely many solutions in integers x,y.
4. METHODS AND TOOLS

To begin with, we restate the Theorem of Bilu and Tichy of [4]. Let ~,§ €
Q\ {0}, ¢,8,t € Zsg, 7 € Z>o and v(z) € Q[z] a non-zero polynomial (which may
be constant). Further let Dy(z,7) denote the Dickson polynomials which can be
defined via

5/2] .
Dy(z,y) = Y deia™™®  with  dg; = (,yﬂﬂ
=0

s—1

The pair (f(z), g(z)) or viceversa (g(z), f(x)) is called a standard pair over Q if it
can be represented by an explicit form listed below. In such a case we call (f,g) a
standard pair of the first, second, third, fourth, fifth kind, respectively.
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kind explicit form of (f, g) resp. (g, f) | parameter restrictions

first (2, vz v(x)9) with0<r <gq, (r,g) =1, r+degv >0
second | (x -

third | (Ds(z,~%), D¢(x,v*)) with (s,t) =1

fourth | (v=*/2Dy(z,7), —6/2Dy(x,8)) | with (s, ) =2

fifth ((fy:c2 —1)3,32% — 4x3) -

Theorem 4 (Bilu-Tichy, 2000). Let P(x),Q(z) € Q[z] be non-constant polynomi-
als. Then the following two assertions are equivalent:

(a) The equation P(x) = Q(y) has infinitely many rational solutions with a
bounded denominator.

(b) We can express Pory = ¢o f and Q o ke = ¢ o g where k1, ke € Q[z] are
linear, ¢(z) € Qlx], and (f,g) is a standard pair over Q.

If we are able to get contradictions for decomposition of P and ) as demanded in
(b) of Theorem 4 then finiteness of number of integral solutions x,y of the original
Diophantine equation P(z) = Q(y) is guaranteed.

Secondly, we restate a well-known result obtained by Erdés and Selfridge in [6]:

Theorem 5 (Erdés-Selfridge, 1975). The equation
r(z4+1) - (z+k—1) =y
has no solution in rational integers x >0, k>1,1>1, y > 1.

Interestingly, simple comparison of the leading coefficients of the polynomials
(appearing in Theorem 4, (b)) gives an equation very similar to that of Theorem 5.
Therefore, there are no parameters that satisfy such a coefficient equation. In other
words, we can easily derive a contradiction if we suppose a higher degree polynomial
representation in Theorem 4.

The following crucial Corollary 6 is a direct consequence of Theorem 5:

Corollary 6. Let 3 € Z~q be fired. Then the only solutions to

(11)

in rational integer triples (k,s,t) withk > 1, s> 1,t>1 are (k,s,s) and (1,s,t).
The same holds in the case —( € Z~o provided —(3 > max(ks, kt).

Proof. First suppose B > 0. The cases (1,s,t) and (k, s, s) are obvious solutions
of (11). Now, suppose k > 2; without loss of generality we further may assume that
s >t (otherwise just take the reciprocal). Then relation (11) reads

k (/B)ks
(B)kt

Thus, the product (5 + kt)(8+kt+1)---(8+ ks — 1) must be a perfect kth-power
of a rational integer, namely

(B+kt)(B+kt)+1)---((B+kt)+k(s—t) — 1) = y",

=B+ kBrkt+1) - (B+ks—1)€Q.
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for some y € Z. Observe that y # 1. As 8+ kt >0, k(s —t) > 1, k > 1 and
y > 1, the conditions of Theorem 5 are satisfied, the first statement follows. For
the second one let 8 € Z~ o with 8 > max(ks, kt). Then

kemm:@ﬂstdw—@&ﬂmm o

(=Bt B (k=)

which in the same way as above gives the result. |

5. PROOF OF MAIN THEOREM

5.1. Preliminaries. To start with, we need explicit knowledge of the coefficients
of the polynomial

MP) Az + B) = kMo + kM a4 kY

(
_S 0D (M s ByArt B 1) (Ar 4 B
_kz_o GR <k>(A +B)(Az+B-1)---(Az+ B — (k—1))

in order to compare them as Theorem 4 suggests. Recall that A # 0, 8 € Z\

{0,—1,...,—n+1} and c € Q\ {0,1}. We have
J
k;n,)J = A" Z ’r/n—lfj—l,n—la .] = Oa la ey
1=0
with

ik = > 1B ),

0<iy <ig<-<iy<k—1 wv=1
with 0 < k,I <n. Moreover, define

O (n — )N(B)nc O
n—j n!A”*j (1 . %)’ﬂ*] n—j

Note that kfﬁ)j = 0 is equivalent to l%f:l)] = 0 provided n # 0,1,...,5 — 1. With
help of MAPLE we explicitly calculate
~ 1 1 1
ki:?l = §(c+1)n+Bch+ﬂc— 3¢ 5

The equation l~c7(ln_)1 = 0 yields
ct+1l—cn—n—2c0
2(c—1)

By this choice of B we write down some more coefficients

(12) B=

7(n 1
B, =57 (=% =10c = n — ¢ + 14e — 126c — 1},

7(n 1
B, =ccle+ (B +n—1),

- 1
B, =——1{5
n—4 5760{

+12) n + 7¢t + 92¢ — 1208¢ + 92¢3 — 120636 4 1962¢% + 7 4 720822 — 2640¢23}.

(¢* +10c + 1)2 n? + (120c38 — 288¢3 — 2328¢2 + 1200c 8 + 12¢* — 288¢ + 12083¢
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Now, assume
(13)  MPV(Az+B)=¢(f(x)) and M) (Az+ B) = ¢(g(x)),
where (f, g) is a standard pair, A, B, A, B are rational numbers with A4 # 0 and

o) = epa® +ep_ 12" 4+ e with e, #0 (k>1).

By comparing the leading coefficients in (13) we have
(-2 (1-4) 4
T = e f, and T

where f(x) = fox® + -+ fo and g(x) = gsat + - - - + go with fsg; # 0. Obviously,
n = ks and m = kt by comparison of degrees. By taking the quotient of the
previous two equations we get

k
= €rg:,

D [(1-2) 2
(14) (/B)it ( 7i)tgtfs

Cc2

Of course, a necessary condition for (14) is given by

K (ﬂ)ks
(B)kt

which by m # n and Corollary 6 implies k¥ = 1. Thus, we just have to deal with
the two representations

M) (Az + B) = ey f(z) + eo and

Méf@)(gx + E) = elg(x) + eg.
Now, we take a closer look at the various standard pairs. To begin with, the
standard pair (f, g) cannot be of the second kind due to m,n > 3. The rest of the

investigation splits into four cases, corresponding to the four remaining kinds of
standard pairs.

€Q,

5.2. Standard pair of the first kind (29, az"v(z)?) or switched. First, let
m,n > 4. Without loss of generality suppose M,(lﬁ’c) (Az 4+ B) = ejz? 4 ey where
n,)l = ]’%,SLTL,)Q = 0. This yields

n

—

g=mn > 4. Hence kfﬁ)l = kfﬁ)z =0, or equivalently, &
2 —1ldc+12¢/+1
24+ 10c+1
Note that the denominator ¢? + 10c + 1 is always non-zero as it has non-rational
roots ¢ = —5 4 21/6. Finally kgi)g = 0, or equivalently, kin—):a =0,
(16) clc—1)*(c+1)(B—-2)=0.

If = 2, then (15) gives n = —1, a contradiction. On the other hand, for ¢ = —1
relation (15) yields n = 2 — %ﬁ, which is again a contradiction for § > 1 as well
as for —3 > max(n,m) > n. Let now min(n,m) = 3. Without loss of generality

(15) n =

we may assume Méﬁ’c)(Ax + B) = e12 + ep. In this case equations (12) and (15)
imply ¢? + (33 + 4)c + 1 = 0. This quadratic equation has solutions

c— -2 gﬁi%\/(36+4)2—4.
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There do not exist any two perfect integer squares having difference 4, hence ¢ € Q,
again a contradiction.

5.3. Standard pair of the third kind (Ds(z,a'), Di(z,a®)). By symmetry we
may suppose without loss of generality that s =n > 4. Then,

(5.9 (Az: 4+ B) = ey Dy (2, 8) + e,

where § = at and

Dy (z,0) = 2" — nox" "2 + @52:0”*4 +....

The condition kgn k: ") 3 =0 gives
(17) cle+)(B+n—1)=0,

which implies ¢ = —1 since the other case n = 1 — 3 is not possible for 3 > 1
and —3 > max(m,n) > n. By comparing coefficients of the power 2”2
—k:,(mn)né = kff_)Q which yields

we have

L
24.A2
™, _ k0, (0 -

n—1)2n+ 36 —4).

First, suppose n > 4. Then k,, 3)6%/2 leads to an equation just in

terms of n and f3; its solutions are n = 7 — —ﬂ + 16\/ 15082 + 1206 + 16. The
latter solution can never be a rational integer as we have —153% 41203+ 16 < 0 for
B < —1and B > 9. The cases § = 1,...,8 can easily be seen to violate n € Z~y.
We end up with a contradiction for n > 4. Finally, the case (n,m) = (4,3) or
reversed (3,4) has to be dealt with. Suppose

(18) Méﬁ’cl)(Ax + B) = e1Ds(x, a*) + eg = e (23 — 3a*z) + e,
(19) Miﬁ’@)(;l:c + E) =e1Dy(x,0®) + e = el(z4 —40P2? + 2&6) + eg.
From (19), (17) and (12) we obtain ¢; = —1 and B = —13. Comparison of
coefficients in (19) gives
16A4% 8A2(33 +4)
e1 = ——, —4ade) = —— 7,
G G
3
205¢; +eg= — .
B CESVICEE)
Thus,
367 + 126+ 16
(20) e = _36°+ 125416

2(8)a

On the other hand, (18) and (12) imply B = —44H+a8 and

o _atl
iB(B+1)

Finally, from (20) and (21) follows a quadratic equation for the variable ¢; whose
solutions are

(21)

B%+58+6+/—(B+2) ﬂ+3)(5ﬂ2+196+26)
362 + 123 + 16

Cl = —
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Observe that 332 + 123 4+ 16 # 0. The term under the square root is non-negative
if and only if —3 < 8 < —2, a contradiction arises.
5.4. Standard pair of the fourth kind (al_s/QDs(x, 1), —a;t/2Dt(x, 042)> . We
may assume s > 4 since in case of (n,m) = (4,3) (or reversed) the condition
(s,t) = 2 would be violated. Now,

M9 (Ax + B) = aafn/2D,L(x, a1) +eo =e1Dp(x,a1) + €g.

The argument now follows exactly the previous lines, with § replaced by a;;. Again,
we end up with a contradiction.

5.5. Standard pair of the fifth kind ((az? —1)3,32* — 42®) or switched.
Without loss of generality we have
Mé’g’c) (Az + B) = er(az? — 1)% + ¢

= e1(a®2® — 302 + 3az? — 1) + €.

By k;éﬁ) = k‘§6) =0, (17) and (12) we get ¢ = —1 and B = —(3. The remaining
non-trivial coefficient equations for Méﬁ ’C)(Am + B) are

5 64A°
(22) a’ep = B
.o S0A'(38+8)
(23) 3ate; = BT PR
(24) e — 4A?(456% 4 2103 + 184)
1 — .

(B)s
We divide the square of (23) by the product of (22) and (24) in order to obtain a
single equation only in terms of 3,
(3848
4562 1 2103 + 184

Note that 45482 + 2108 + 184 # 0 for 8 € Z. This implies 8 = — 32 +i:5+/1455, a
contradiction. This completes the proof of Theorem 2.

3=125
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