
Homotopy of computation:
The Minneapolis Program

Yves Lafont
Institut de Mathématiques de Luminy

Marseille

Journées Jean-Yves Girard
Institut Henri Poincaré
10 September 2007



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)
◮ geometry (homotopy)



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)
◮ geometry (homotopy)
◮ rewriting (reduction)



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)
◮ geometry (homotopy)
◮ rewriting (reduction)

What is the goal?



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)
◮ geometry (homotopy)
◮ rewriting (reduction)

What is the goal?

◮ geometrical study of computation



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)
◮ geometry (homotopy)
◮ rewriting (reduction)

What is the goal?

◮ geometrical study of computation
◮ new methods for computing invariants



Introduction

Minneapolis Program (Y. Lafont & F. Métayer, 2004)

It is a list of research directions and conjectures.

What is the topic?

◮ algebra (equality)
◮ geometry (homotopy)
◮ rewriting (reduction)

What is the goal?

◮ geometrical study of computation
◮ new methods for computing invariants
◮ new approach for homotopical algebra
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◮ 2 symbols: ∗ (binary operation) and 1 (constant)
◮ 3 rules: (x ∗ y) ∗ z → x ∗ (y ∗ z), 1 ∗ x → x , x ∗ 1 → x
◮ 5 conflicts (critical pairs):

x ∗ (y ∗ (z ∗ t))

(x ∗ 1) ∗ y

x ∗ (1 ∗ y) x ∗ y

1 ∗ 1

1

((x ∗ y) ∗ z) ∗ t

(x ∗ y) ∗ (z ∗ t)(x ∗ (y ∗ z)) ∗ t

x ∗ ((y ∗ z) ∗ t)
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Theorem (Mac Lane): All conditions follow from those.
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Homology of rewriting

A system is convergent if it satisfies the following properties:
◮ termination (no infinite reduction)
◮ confluence (determinism)

Special case: word rewriting

Theorem (Anick, Squier): If a monoid M is presented by a finite
convergent rewrite system, then H3(M) is of finite type.

◮ H1(M) is generated by the symbols
◮ H2(M) is generated by the rules
◮ H3(M) is generated by the conflicts
◮ . . .

Theorem (Kobayashi): In that case, all Hn(M) are of finite type.
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Other sources of inspiration

Homology of Gaussian groups:

Theorem (Dehornoy & Lafont): If G is a finitely presented
Gaussian group, then all Hn(G) are of finite type.

Typical example: the group Bn of n-braids

Homotopy of rewriting:

Theorem (Squier): If a monoid M is presented by a finite
convergent rewrite system, then it has a finite derivation type.

Directed homotopy for parallel computation
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Nature of computation

A computation is a chain of equalities:

◮ equivalence relation

◮ groupoid (→ homotopy)

◮ or a preorder (rewriting)

◮ category (→ directed homotopy)
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Exemple 1 (braids):

◮ objects are words:

aa = 1 aba = bab

◮ free monoid (special case of a category)

◮ or objects are 2-words:

==

◮ free 2-monoid (special case of a 2-category)
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Nature of objects

Exemple 2 (Theory of rings):

◮ objets are terms:

(x + y)z = xz + yz 0x = 0

◮ or objects are 2-words:

=
+

×
× ×

+
×

=

In general:
◮ objects are n-dimensional words
◮ computations are n + 1-dimensional words
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We get a free ω-category (→ directed cellular complex).
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Definition : a polygraphic resolution is an ω-functor
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S∗

4
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which satisfies a right lifting property (trivial fibration):

f
CS∗

Theorem (Métayer): Any ω-category C has a polygraphic
resolution, which is unique up to homotopical equivalence.
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Polygraphic homology

Computing the homology with a polygraphic resolution:

homology

H0(C) H1(C) H2(C) H3(C) H4(C)

∂∂ ∂
· · ·ZS0 ZS1 ZS2 ZS3 ZS4

∂

· · ·S∗

0 S∗

1 S∗

2 S∗

3 S∗

4

abelianization

· · ·

Remark: a monoid is a special case of ω-category:

M · · ·M1 M M

Theorem (Lafont & Métayer): In the case of a monoid M, the
polygraphic homology coincides with the classical one.
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Homotopy à la Quillen
Theorem (Lafont, Métayer & Worytkiewicz)
There is a model structure on ω-categories such that:

◮ generating cofibrations are of the following form:

. . .

◮ the class of weak equivalences is minimal

Generalization of the folk model structures by Joyal & Tierney
(for categories) and Lack (for 2-categories).

Tools:
◮ the notion of ω-equivalence (coinductive definition)
◮ the notion of n-connection (reversible cylinders)
◮ division, transport, coherence . . .
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Perspectives

Homotopy of rewriting revisited

Theorem (Squier): If M has a finite convergent presentation,
then M has a polygraphic resolution S∗ such that S3 is finite.

Conjecture : If M has a finite convergent presentation, then M
has a polygraphic resolution S∗ such that all Sn are finite.

We would get Kobayashi’s theorem as a corollary.

Homotopy and Type theory

Modeling Martin Löf’s Intentional Type Theory with fibrations in
some model structure (Awodey).

Internal language for homotopy theory?


