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Phase semantics and Decision problems

MLL = Multiplicative Linear Logic

MALL = Multiplicative Additive Linear Logic
MELL = Multiplicative Exponential Linear Logic
LL = Linear Logic

WLL = Affine Linear Logic

NP = non deterministic polynomial time
PSPACE = polynomial space
NEXPTIME = non deterministic exponential time

Propositional case
Phase spaces - Phase models - Syntactical model
Theorem: If A is a propositional formula, the following properties are equivalent:
1. A is provable;
2. A holds in any phase model,;
3. A holds in the syntactical model;
4. A is cut-free provable.

Corollary: cut elimination (propositional case)

Finite model property

Finite models - Semilinear models

MLL | MALL | MELL | LL | WLL
finite model property no no
semilinear model property ? no
decidability ? no

Provability problem

MLL MALL MELL LL
propositional case ? undecidable
first order case undecidable | undecidable
second order case undecidable undecidable undecidable | undecidable




Formulas

Formulas are built from atoms and units, using (binary) connectives, modalities, and quantifiers:

An atom is a propositional (i.e. second order) variable « or its dual at. More generally, it is an atomic predicate
afty,. .., t,) or its dual a*(ty,...,t,), where ty,...,t, are first order terms.

The multiplicative connectives are ® (times, or multiplicative conjunction) and its dual & (par, or multiplicative
disjunction). The corresponding units are 1 (one) and L (bottom).

The additive connectives are & (with, or additive conjunction) and its dual @ (plus, or additive disjunction).
The corresponding units are T (top) and 0 (zero).

The exponential modalities are ! (of course) and its dual ? (why not).

The quantifiers are ¥V (for all, or universal quantifier) and its dual 3 (exists, or existential quantifier). A quantifier
applies to a first order variable x or to a second order variable a.

If Ais an atom, At stands for its dual. In particular, A*+ = A. Linear negation is extended to all formulas by de
Morgan equations:

(A®B)t=A'3BY,  (ABB)t=AlgBt, 1t=1, 1t=1,
(A& B)*=AteBY, (AeB)t=A'&BY, Ti=0, o0L=T,

(1A)L=74% (24t =14%,  (VeAL=3¢AL  (BeA)t=veAl

Linear implication is defined by A — B = A% B.

If « is a first order variable and ¢ is a first order term, A[t/z] stands for the formula A where all free occurrences of z
have been replaced by ¢ (and bound variables have been renamed when necessary). Similarly, if « is a propositional
variable and B is a formula, A[B/a] stands for the formula A where all free occurrences of a (respectively at) have

been replaced by B (respectively B

J_) .



Sequents and rules

Sequents are of the form F I' where I' is a (possibly empty) sequence of formulas Ay, ..., A,,. In practise, the sequent
F I' is identified with the sequence I', and a sequent consisting of a single formula is identified with this formula.
It stands for Af, ..., A} (respectively T for !4;,...,!4, and ?T for ?4;,...,?7A,,), and if A is another sequence of
formulas, I' - A stands for - 't A.

A sequent is provable if it can be derived using the following rules:

FTLABA — FAT R ALA
FT.B.4,A HAA FT.A cut
AT  FB.A - A B.T . LT
FAsBTA ¢ Faspr o  F1 FLT
FAT BT FAT "B 4
FALB.T FAa BT FAG BT 2 =TT
FA FAT FPAPAT T,
1A T AT d FoAT  © AT Y
AT - A[r/€],T
FVEAT FIEAT

Note that exchange is the only structural rule. The rules for exponentials are respectively called promotion, dereliction,
contraction, and weakening. In the V-rule, £ must have no free occurrence in I', but it is well understood that a bound
variable can always be renamed. In the 3-rule, 7 is a first order term (if £ is a first order variable) or a formula (if £
is a second order variable).

By exchange, any permutation of I' can be derived from I', so that in practise, sequents are considered as finite
multisets, and exchange is implicit. Similarly, the following rules are derivable:

FDA F0 A A

= o= ?
oA D —or A C FA W



Basic equivalences and second order definability

We say that A and B are equivalent and we write A = B if both A+ B and B F A are provable. This amounts to
say that, for any T, the sequent - A, T is provable if and only if F B, T is provable, or more generally, that - I'[4/q]
is provable if and only if - T'[B/a] is provable.

Here are some typical equivalences:
A (BoC)=(A®B)®C, A®B=B®A,  Aol=A
AR (BRC)=(A®B)®C, AN B=B7%A, AR 1L =A,
A& (B&C)= (A& B)&C, A& B=B&A, A=A& A, A&l=A,
Ao (BeC)=(AeB)aC, A B=B®A, A=A A Ap0=A4,
A (BaC)=(A®B)® (A®0), A®0=0,
AR (B&C)=(A¥B)& (AT C), ART=T,
NA =14, IA=1A®IA, 1=1, (A& B)=1A® !B, IT=1,
7MA="A, TA=7ARTA, ?71L=1, 7(A® B)=7A% 1B, 0= 1,
VENV(.A =V(.VEA, VE(A& B) =VEA&VEB, A=VEA, ARVEB=VE(AR B),
3¢.3(.A=3¢.3E.A, ¥ (A@ B) =3 A 3I.B, A=3EA, A®3I.B=3.(AR B).
In the last two equivalences of the last two lines, the variable £ must have no free occurrence in A.

By definition of linear implication, we also get:
A—o(B—-C)=(A®B) —C, A— (BBC)=(A—B)%C,
A—B=Bt— A% 1oA=A, A—ol =A%
A— (B&C)=(A—B)&(A—0C), (A@B) o C=(A—C)& (B —C),
A—T=T, 0oA=T,
A —VE.B =V, (A — B), I.B—-oA=VYE(B — A).
In the last two equivalences, the variable £ must have no free occurrence in A.
Note also the following equivalences:
1 =Va.a — a, A@®B=Val(A —oa)—o(B—a)—oa 0 =Va.q,
1 =3aa®at A& B=3dal(a— A)®!(a— B)®a, T =3Jao.

In other words:
e Multiplicative units are definable in terms of second order quantifiers and multiplicative connectives.

e Additive connectives are definable in terms of second order quantifiers, multiplicative connectives, and exponen-
tials.

e Additive units are definable in terms of second order quantifiers.



Two-sided sequent calculus

Formulas are built in the same way as in the one-sided calculus, except that linear negation and linear implication are
primitive connectives. Sequents are of the form I' = A where I' and A are finite sequences of formulas. The rules are
the following;:

LEAABE DABAFEO Y PEAA  eAFA
TFA,B A0 @ X B, AAFO ¥ AR A ILOFA A o
LAbA reas I Ak B,A TEAA  ©,BFA
IFALA DLALEA 'FA—-BA "7 [LO,A—-BFAA
PEAA  OrBA I A B A g rEA L
rorAwB.AA | ° T.AoBFA © F1 T,1FA
IAFA  ABFA TH A B A . A
TO.ANBEAL O TEASB.A L TrLiA +
T-AA  TFBA T AR A I BFA o
rracB A & T ALBr A &b T ALBr A 2h IET,A
PAFA  TBEA rAA rEBA o
T.AcBra  ° TFAcBA 1 TFAcBA & 2 I0FA
Tk A,7A T AR A DA IAF A TEA
9 ' b ' b b ' '
TF14,7A TiAF A 4F TIAFA  CF TAFA WE
T, AF2A THAA TH74,74,A TEA
o = - = T A = _tra |9
T 7AF7A T rrea A Tr74.A ¢ R WA
reaa T, Alr/¢] F A rAra DEA/EA
TFVEAA TVEAFA T,3%AF A EET VNS

In the FV-rule and in the F+-rule, £ must have no free occurrence in I', A.

De Morgan equations become equivalences, so that any formula A of the two-sided calculus is equivalent to a formula
A of the one-sided calculus. A sequent I' = A is provable in the two-sided calculus if and only if the sequent + Fl A
is provable in the one-sided calculus. In particular, a sequent - I' is provable in the one-sided calculus if and only if
it is provable in the two-sided calculus.

Hybrid sequent calculus

Formulas are the same as in the one-sided calculus. Sequents are of the form + © ; I' where ©® and I' are finite
sequences of formulas. We write - I" for - ; I". The rules are the following (J.-M. Andreoli):

FO:I,A B A N FO,4,0"; AT o ——id FO:AT FO;ALA
FO:T,B,4A FO,4,0 T 04,4 FO.T.A cut
Fo;AT F@;B,A® Fe;A BT 3 - 1 Fo;T
FO.A®B,T,A FO:ANB,T FO;1 FO. LT
Fe;AT FO;B,T Fe;AT o FO;B,T S - T
FO.ALB,T FO. Ao BT F0;A®B,I ° FO; T, T
FO:A | FO,A;T ) FO ;AT Fo; Alr/,T
FO; 14 - FO ;AT - FOVEAT FO; AT

The second structural rule is called absorption. In the V-rule, £ must have no free occurrence in ©,T".

A sequent - O ; T' is provable in the hybrid calculus if and only if F 7O, T" is provable in the one-sided calculus. In
particular, - I' is provable in the one-sided calculus if and only if it is provable in the hybrid calculus. Note that, in
practise, © can be considered as a finite set of formulas.



Intuitionistic Linear Logic

Formulas are built as in (Classical) Linear Logic, except that there is no negation, no why not, and par is replaced by
linear implication. Sequents are of the form I' - A where I' is a finite sequence of formulas and A is a formula. The
rules are the following;:

LABAFC m TEA  AAFC
T.B,AAFC AR A T.AFC cut
T AFB 4  ABFC
'-A—-B ' —° ILAJA—-BFC °
r-A A+ B I A, BFC — 1 TFC
TAarAeB ¢ Taepreo ©F 1 rirc -
A TFB T AFC I.BFC LT
TFaLB ¢ FAGBro F FACBrC F TFT
IAFC T.BFC - A It B o
TA®BFC F Traop o T-AsDB @ &2 T,0+C
T E A TLAFC TUAAE C It c
—_ - | s = [ A [N a—
TRV TIArC ar TIArC e TArC W
_re4a Ly LAr/re LAFCc T+ Alr/¢]
TFveA TVEARC T.36AF C EE

In the F V-rule and in the 3 +-rule, £ must have no free occurrence in I" (respectively in I and C').

If A is provable in Intuitionistic Linear Logic, then it is obviously provable in Linear Logic. The converse holds if A
contains no additive unit (T, 0) and no second order quantifier, but not in general: Linear Logic is not a conservative
extension of Intuitionistic Linear Logic (H. Schellinx). For instance, the formula ((a« —o ) —0 0) —o a® T is provable
in Linear Logic, but not in Intuitionistic Linear Logic.

More structural rules

Linear Logic does not allow (unrestricted) contraction and weakening:

FAAT Fr
FAT ¢ FAT

If we add them, we essentially get Classical Logic with modalities. In that case, we have A B = A& B, A%B = A B,
1 =T, and L = 0. Furthermore, the L-rule becomes redundant, as well as the 7c-rule and the ?w-rule.

If we only add (unrestricted) weakening, we get Affine Linear Logic. In that case, we have 1 = T, L = 0, and the
following sequents become provable:

A®BFA&B, A®BFABB.

Furthermore, the L-rule becomes redundant, as well as the ?w-rule.

If we only add (unrestricted) contraction, we get Contractive Linear Logic. In that case, the following sequents become

provable:
A& BHA® B, AR®BFA®B.

Furthermore, the ?c-rule becomes redundant.

Contractive Linear Logic must not be confused with Relevant Logic, which has an artificial distributivity law, and
therefore, no good property of cut elimination.



Cut elimination (key cases)

A cut with an identity is eliminated as follows:

FAAL] . — FAT
FAT o
A cut between two matching logical rules is eliminated as follows:
FAT  FBA AL BLO FB,A AL BLeO .
FA©B.L.A Fatypte - AT AL A0 “
FT.A,0 cu FT.A,0 cut
FT
B T FT
ET cut
FAT FB,T HALA 1
FALB,T - ALe BLA @1t FA’FFF ZA A
FT,A e ’
AT  FBT F B A
FA&B,T - Ate BL A @Qt FBIHZBL’A cut
cu )
FT,A
F A, FALA
A T g FAT FALA
1A, 7T 74+ ! ’
I—.A,.Fi_ - AI— At A A cut
FAT
FAM FPANTARA - A, FIAPD © F?AL7ALA
FIA T YN FIA 7T EEY TN
T, A cut T T A cut
—orAa C
FAT FA
F1A7 ¢ F2Aata Y —tA oy
FT. A cut l_?].—‘7A
AT - At/ A
TveAT " Taala CATAr FATSA
S - ’ cut FF,A

FI,A

)

cut



Cut elimination (commutative cases)

Commutation with most logical rules is straigthforward. Here are some typical examples:

FABCT
FAB3C,T AL A

FBXC.T.A cut

A BT FCO
FAB®CT,O AL A .
FBoCO.T,A,0 cu

FABT FACT
FAB&C,T AL A .
FB&C.T,A cu
FATT | FALA t
FT.0,A cu

—

FABCT FALA
FB,C.T,A
FBXC.L,A

cut

FABT  FALA
FB,T,A

cut

FC,0

FBRCT,AG

FABT FALA

A CT

®

FALA

FB.T.A cut

FCT,A

FB&C,T,A

FTTLA |

In the case of the promotion rule, the commutation is the following:

F?A,B,T AL ?A
F?A4,'B,7T © FI1AL?A
F1B,T,7A

Expansion of identities

Identities are expanded into atomic ones as follows:

id
FA® B, ALy BL

11 d

)

id
FA& B, Ate BE
Fro

Cia7al 4

FVEA 3EAL

—

—

AL 7
! F?AB

- B, T, 7A
F1B,7T,7A

cut

id id
FaAt 'Y Ep B!
FA®B,AL Bt
FA® B, AL% BE

1!

F1,1

L

Faal -5l 4

FAAte B !

A& B,Ato B+

FT.0 |

A
[ A 2d
FA A |
Fl1A, 74+
FA AL id
A AL
FVEA TEAT

10

el Rl
FI1AL?A

cut

S>D)

F B,At@ B+
&

&

cut



About provable formulas

In a cut-free proof of a formula A, the last rule must be a logical rule. Therefore:

L is not provable (strong consistency);

0 is not provable (weak consistency);

if A® B is provable, then A and B are provable (splitting property);

e if A® B is provable, then A or B is provable (disjunction property);

e if 3¢. A is provable, then A[r/£] is provable for some 7 (existence property).
To sum up:

1, T are provable, but not L, 0, o, a™;

e A® B, as well as A & B, is provable if and only if A and B are provable;

A% B is provable if and only if the sequent - A, B is provable;

A @ B is provable if and only if A or B is provable;

o A as well as V€. A, is provable if and only if A is provable;

?7A is provable whenever A is provable;
e J¢.A is provable if and only if A[7/€] is provable for some 7.
It may happen that:
e A and B are provable, but not A% B (take A= B =1);
e A% B is provable but neither A nor B is provable (take A = o« and B = a);
e ?A is provable but not A (take A = a @ a?).
Note also that:
e the empty sequent is not provable, so that A and A+ cannot be both provable;

e the sequent - Ay, ..., A, is provable if and only if the formula A1 % --- % A,, is provable.

Polarities

We say that a formula A is positive (respectively negative) if A =1A (respectively A = 7A). Obviously, A is positive
if and only if At is negative. Furthermore:

e 1 and O are positive, as well as !A for any A;
e if A and B are positive, so are A® B and A& B;
e if A is positive, so is 3. A.
By duality, we get:
e | and T are negative, as well as 7A for any A;
e if A and B are negative, so are A% B and A & B;
e if A is negative, so is V€. A.
We say that A is regular if A= 7'A. We have:
e if A is positive, then ?A is regular;
e | is regular, as well as 7!A for any A;

e if A and B are regular, sois A% B.

11



Intuitionistic Logic

Intuitionistic formulas are built from atoms («, or more generally, «(t1,...,%,)) and units (T, L) using binary
connectives (=, A, V) and quantifiers (V, 3). Sequents are of the form I' F C where I" is a sequence of formulas and
C is a formula. The rules are the following:

NABARC rAARC rec oy TFA  AAFC
T.B,AAFC T AFC T,AFC AR A T.AFC cut
DAFB T4 ABFC
TFA=B ' A, A= BF C
4  TFB IAFC T.BFC LT
rran N rargro b Tanprc 2r reT
rA-c  TI'BEC rFA I'B —
raverc  'F rrave ) Travp 2 T, LFC
_re4a Ly L Alr/é - C [NAFC I I+ Alr/¢] L3
TFveA TVEAFC T.3¢AFC TF3¢A

In the FV-rule (respectively in the 3t-rule), £ must have no free occurrence in I' (respectively in T', C'). Alternatively,
the rules for A and T can be formulated as follows (multiplicative version):

TEA ALB I ABFC -
TAFANE rarprc T a

The translation A — A* from Intuitionistic Logic into Linear Logic is defined by
of = a, (A= B)* =1A* — B*, (AN B)* = A* & B*, (Av B)* =1A4* ¢ |B*,
T =T, 1*=0, (VE.A)* = VEA*, (3¢.A)* =3¢1A*.

A sequent I' F C' is provable in Intuitionistic Logic if and only if its translation !I'* F C* is provable in Linear
Logic. The only if direction is easy. Conversely, it is clear that I' - C' is provable in Intuitionistic Logic whenever its
translation II'* = C* is provable in Intuitionistic Linear Logic: It suffices to consider the obvious translation A — A,
from Intuitionistic Linear Logic into Intuitionistic Logic, defined by

ar=a, (A—oB),=A, =B, (A®B),=(A&B),=A.AB,  (A®B),=A,VB,,
1,=T.=T, 0.=1, (A, =A, (VeA), =VeA,,  (3.A), =3.A,.

But since Linear Logic is not a conservative extension of Intuitionistic Linear Logic, it is more difficult to show that
I' F C is provable in Intuitionistic Logic whenever its translation is provable in Linear Logic (H. Shellinx).

The above translation is sometimes called the call-by-name translation. There is also a call-by-value translation, defined
by
o =la, (A= B)* =l(A* — B*), (AN B)* = A* ® B*, (AV B)* = A* @ B*,

T =1, 1*=0, (VE.A)* = IVE.A*, (3. A)* = A A*.
In that case, a proof of I' - C' is translated into a proof of I'* - C*, using the fact that A* is positive for any A.

12



Classical Logic

Formulas are built from atoms («, -, or more generally, a(t1,...,t,), ~a(t1,...,t,)) and units (T, L) using binary
connectives (A, V) and quantifiers (V, 3). Negation is defined on atoms and extended to all formulas by De Morgan
equations. Implication is defined by A = B = =AV B. Sequents are of the form F I" where I is a sequence of formulas.
The rules are the following:

|_P7A7BvA x |_A7A7F c l_P W 71(1 FA,F }__‘A7A
FT.B.AA FAT AT -A,-A T. A cut
AT FBT FATD FBI T
FAAB,T FAVB.T ! FAVB.T 2 T,
AT - A[r/€],T
FVEAT F3EAT

In the V-rule, £ must have no free occurrence in I". Alternatively, the rules for A, V, and T can be formulated as
follows (multiplicative version):

FAT  FBA - A BT -
FAABT.A FAVB.T =T

A translation A — A* of (cut-free) Classical Logic into Linear Logic is given by
ot = q, (ma)* =at (AANB)* =7A" ® 1B*, (AV B)* = A* ® B*,
Tr=1, 1*=0, (VE.A)* =VETA*, (F¢.A)* = I .A*.
A variant is given by (AA B)* = 7A* & ?B* and T* = T. In both cases, a sequent - T is provable in Classical Logic
if and only if its translation F ?I'* is provable in Linear Logic. The only if direction is easy: It suffices to consider
cut-free proofs. Conversely, it is clear that - I' is provable in Classical Logic whenever its translation - ?T'* is provable

in Linear Logic: It suffices to consider the obvious translation A — A, from Linear Logic into Classical Logic, defined
by

o = a, (ab)s = —a, (A® B). = (A& B). = As N By, (A% B).,=(A® B). = A,V B,,

1,=T,=T, 1,=0,=1, (1A), = (?A4), = A, (VE.A), = VE.A,, (3€.A), = A A..
An alternative translation of (cut-free) Classical Logic into Linear Logic is given by

o* = Ta, (ma)* = ?at (AN B)* = A* & B*, (AV B)* = A* ® B*,
TF=T, =1, (VE.A)* = VEA*, (3¢.A)* = 73¢.A*.
In that case, a cut-free proof of F I' is translated into a proof of - I'*, using the fact that A* is negative for any A.
A translation of (full) Classical Logic into Linear Logic is given by
a* =1Na, (ma)* = M7t (AANB)* =?(1A* ® |B*), (AV B)* = A* % B*,
TF=171, =1, (VE.A)* = 7TIVE.A*, (F¢.A)* =73¢1A*.

In that case, a proof of - I is translated into a proof of - I'*, using the fact that A* is regular and that (-A)* = ?7A4*
for any A.

13



Invariants

Here, we consider propositional formulas in the multiplicative fragment of Linear Logic, built from a set P of proposi-
tional variables. If T is a sequent, [I'|g stands for the number of occurrences of ® in I'. Similarly, we define [z, [[]1,
[[)1, [Ma, and [I'],+. Note that the following equation holds for any sequent of length n:

[Cle + [Tl + 7= [Tl + L]+ Y ([Tla + [Flas)-
acP

Furthermore, a provable sequent satisfies the following equations:

Mo =[Mar,  Oa+n=[Mr+> Mo+l [a+Th+n=[s+ L +2
acP

This is easily checked by induction on proofs. Note that the last equation is a consequence of the previous ones. In
the case of a provable formula, we get:

[Ala = [Al oz, [A]lz = [A]L + Z[A]O“ (Al + [Alr = [Ale + [A] L + 1.

acP

Those conditions are not sufficient: Take for instance A = (13 1)® L, or A= (a ¥ a) ® (% ab).

About exponential rules

If A is a formula, A(™ stands for the sequent A, ..., A of length n. The following rules are derivable (weak promotion,
digging, absorption, and multiplexing):

_FAT F77A,T F?A,AT - AT
14,77 F?A,T F?A,T F?A,T

Furthermore, promotion is derivable from weak promotion and digging.

Multiplexing is invertible in certain circumstances: A sequent - 7A, I’ with no occurrence of &, !, or second order 3 is
provable if and only if F A" T is provable for some n. This is easily checked by induction on cut-free proofs. To see
that this does not hold in general, take for instance A = a*and I' = a & 1, or I' = la. Similarly, a sequent F 7A,T
with no occurrence of ! or second order 3 is provable if and only if - (A @ L) T is provable for some n.

If Ais aformula, !, A stands for the formula (A&1)®- - -®(A&1) (n times) and ?,, A for the formula (A®L)%---F(A®L)
(n times). The latter result can be generalized a follows: Consider a provable sequent with p occurrences of !, ¢
occurrences of 7, and no second order 3. Then, for all my,...,m, € N, there are n,...,n, € N such that the sequent
obtained by replacing the p occurrences of ! by !y, ,..., !, and the ¢ occurrences of ? by 7,,,...,7,, is provable
(approximation theorem).

Note that the following rule is not admissible:

CHA CHEC®C CH1
CFHIA

For instance, f A=C =a®!(a — a® «a) ® (o — 1), the three premisses are provable but not the conclusion.

14



Phase spaces

If M is a (multiplicative) monoid and X,Y C M, we write XY for the set {2y |z € X andy € Y} and X — Y for
theset {z€e M |zz €Y forallz € X}.

A phase space is a pair (M, 1M) where M is a commutative (multiplicative) monoid and 1™ c M. If X ¢ M, we
write X+ for X — 1M It is easy to prove the following properties:

X c Ytif and only if XY c 1M, XXtc 1M if X CY then YtC X1 X c Xt
XLt — x 1 (X)Lt = (X))t =X - Y+ (XHuy)t=Xuy)t=XxtnYy+*

A fact is an X C M such that X = X% or equivalently, X = Y+ for some Y C M. For instance, 1M = {1}+is a
fact, as well as
1M — (LM)J_: {1}J_J_’ —I—M — M — (Z)J_’ OM — (TM)J_: MJ_: @J_J_.

Note also that:
e if X C M and Y is a fact, then X — Y = (XY )1 is a fact;
o if (X;)ies is a family of facts, then (,c; X; = (U,c; XiH ' is a fact;
e if X C M, then X' is the smallest fact containing X.

We write z C y if {y}*+ C {2}, or equivalently, {z}*+ C {y}*++ We write z = y if  C y and y C x, or equivalently,

{z}t={y}~
We define the following operations on facts:
XBY =X+t oY =(XyHt XY =Xy Ht=(X - YHt=(XY)4
X&Y=XNnY =(Xtuyht XY =Xt&YyHt=(XtnyHt=(XuYy)tt
72X = (XtNIM)L, IX =(?XHt= (X nIM)LL
where IM = {x € 1M | = 22}. In the last two definitions, I™ may be replaced by any submonoid KM of

JM =fre1M|z=2?}={r € M|z C2%and z C 1}. Such a KM is called an exponential structure (Y. Lafont).
For instance:

KM = {1} (trivial structure), KM = 1M (standard structure), KM = JM (full structure).

Anyway, the notion of topolinear space is definitively obsolete.
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Phase models

Here we consider propositional formulas built from a set P of propositional variables. A phase model is a phase space
(possibly with an exponential structure) together with a fact a? for each a € P. The interpretation, which is already
defined for units and propositional variables is extended to all formulas in the obvious way:

L)M — (

(o M)t (ARBM =AMXBM,  (A® B)M = AM @ BM,

(A& BYM — AM & BM| (A@BYM — AM @ BM,  (2A)M —24M_ (1AM — 1AM,
Since AM is always a fact, we also get (AH)M = (AM)Land (A — B)M = (AM)+23 BM = AM — BM,

We say that A holds in the model if 1 € AM. Note that the formula A — B holds if and only if AM c B™. More
generally, if ' is a sequence of formulas Ay, .., A,, we write '™ for (A; % --- % A,)M, and we say that the sequent
T holds in the model if 1 € M or equivalently, (A})L... (AM)L c 1M, By induction on proofs, it is easy to see
that if a sequent is provable, then it holds in any phase model (soundness).

Here are some basic examples:

o If 1M = (), then 1™ and T™ are the only facts, and we get a Boolean model. In that case, soundness means
that any provable formula is classically valid.

o Let a € P. If M = Z with addition, 1M = {0}, o™ = {1}, and M = {0} for each 8 € P\ {a}, then for any
multiplicative formula A, the set A consists of the single element [A], — [A],.. In that case, soundness means
that [A4], = [A]4+ whenever A is provable.

e If M = Z with addition, 1™ = {1}, and o™ = {1} for each a € P, then for any multiplicative formula
A, the set AM consists of the single element [A]L + > . p[A]la — [A]3. In that case, soundness means that
[Alz = [A]lL + > cplAla whenever A is provable.

A logical congruence ~ on a phase model M is a congruence such that 1™ is closed for ~: if x € 1M and z ~ v,
then y € 1M, For instance, = is the finest logical congruence and = is the coarsest one. If ~ is a logical congruence,
then all facts are closed for ~, and the canonical projection 7 : M +— M/~ induces a structure of phase model on the
quotient monoid M/~:

WM~ = (M), oM~ = x(aM) foreacha € P, KM/ =r(KM).

It is easy to see that AM/~ = 7w(AM) for any formula A. In particular, A holds in M if and only if it holds in M/~.
Note that if KM is the standard exponential structure on M, then 7(K*) is not necessarily the standard exponential
structure on M/~.
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Syntactical model

The syntactical model is defined as follows:

e M is the free commutative monoid generated by all formulas. In other words, M is the set of all sequents,
considered as finite multisets, with multiset union;

e 1M is the set of all cut-free provable sequents, and o™ = {a}* for each a € P. In other words, a™ = {I' € M |
F «,T is cut-free provable};

o KM is the set of all sequents of the form ?T.

By induction on formulas, AM c {A}* for any A (M. Okada). In particular, if A holds in the syntactical model, then
the empty sequent belongs to {A}+, which means that A is (cut-free) provable (completeness).

Note the following points:

e By cut elimination, 1M is the set of all provable sequents. However, it is essential to consider cut-free proofs if
one wants to use this model for proving cut elimination.

e In fact, AM = {A}* for any A, but in the cut-free version of the syntactical model, only the inclusion can be
proved directly, and this is enough for proving completeness and cut elimination.

e M can be replaced by the free commutative monoid generated by all subformulas of A. Therefore, completeness
holds for phase models whose underlying monoid is finitely generated.

e M can also be replaced by M/~, where ~ is the smallest congruence such that I',T' ~ T for any I' € KM so
that m(K™) = IM/~. Therefore, completeness holds for phase models with the standard exponential structure.

e Completeness does not hold for phase models with the ¢rivial exponential structure: For instance, a ® (la —o 0)
holds in any such phase model, but it is not provable.

Finite models

We say that that a model M is finite if it has finitely many facts. In that case, M/= is a finite monoid and satisfies
the same formulas as M. We say that a fragment of Linear Logic satisfies the finite model property if any formula of
this fragment that hold in all finite models is provable. It is easy to see that such a fragment is decidable.

The multiplicative additive fragment satisfies the finite model property (Y. Lafont). To see that, it suffices to consider
a finite version of the syntactical model. For instance:

e M is the free commutative monoid generated by all subformulas of A;

o |M=1{Te€ M |FT is cut-free provable or |I'| > |A|}, where |I'| = [ + n for any sequent I' of length n, and
aM = {a}* for each a € P.

The multiplicative exponential fragment does not satisfy the finite model property: For instance, the formula !la ®
a® )@ (a®p — 1) — § holds in any finite model, but it is not provable.

We say that that a model M is affine if the set 1™ is an ideal of M, that is 1M M c 1M. This amonts to say
that 1M = 0M, or equivalently, 1™ = TM_ In that case, any fact is an ideal. There is a completeness theorem for
Affine Linear Logic with respect to affine models, and Affine Linear Logic satisfies a finite model property. This comes
from the fact that if M is a finitely generated free commutative monoid, then all its ideals are finitely generated.
Consequently, Affine Linear Logic is decidable (A. Kopylov).
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