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Angles dÕEuler

¥dŽcomposition des matrices orthogonales : 
angles d’Euler en dimension 3 (Ox, Oz, Ox)

!
""""""""#

1 0 0

0 cos ! − sin !
0 sin ! cos !

$
%%%%%%%%&

,

!
""""""""#

cos ! − sin ! 0

sin ! cos ! 0

0 0 1

$
%%%%%%%%&

.

Theorem 1 Any rotation of R3 can be decomposed into three rotations possibly pre-

ceded by an axial symmetry, where :

¥ the axes of the rotations are, in order, Ox, Oz, and Ox;

¥ the angles are in [0, " [;

¥ the axis of the symmetry is Ox, Oy, or Oz.

This decomposition is unique if the second angle is different from 0.

Remarks: Such decomposition is called a (left) canonical decomposition. It is stan-

dard if the angles of the 3 rotations are ! 0 and there is no axial symmetry. By ex-
changingOx and Oz, we get the notions of right canonical decomposition, and of right

standard decomposition.

Theorem 2 Let u and w be respectively the upper right and the lower left coefficient

of the rotation matrix A. The canonical decomposition of A is standard, if and only if,

u and w are strictly positive.

Corrolary 1 Let A be a rotation matrix. The left canonical decomposition of A is

standard, if and only if, the right canonical decomposition of A is standard.

3 Orthogonal diagrams

We introduce orthogonal diagrams. A diagram on n wires is interpreted as an isometric

of Rn = R⊕ááá⊕R, or equivalently, as an orthogonal n× nmatrix. The gates represent
elementary isometrics in low dimension.

Compositions of diagrams are interpreted as follows:

¥ Let A and B be diagrams respectively with n and m wires, interpreted by orthog-

onal matrices MA and MB. Their parallel composition is the following diagram

C:

ááá

ááá

A B

ááá

ááá

C

It is interpreted by the matrix MC = MA ⊕ MB =
'
MA 0

0 MB

(
.

¥ If n = m, the sequential composition of A and B is the following diagram C:
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Matrices gŽnŽratrices

¥symŽtrie (en dimension 1)

B

ááá

A

ááá

C

ááá

It is interpretedby thematrixMC = MAMB.

Remark: The identity on R is representedby a wire. In particular, the matrix Id i !
MA ! Id j is representedby thefollowing diagram:

ááá
i ááá

ááá
ááá
j

A

Therearetwo kindsof gates:

opposite gate rotation gate

!

for eachangle! " ]0, " [

Theopposite gate is interpretedby thescalar#1. The! rotationgate is interpretedby

thematrixR(! ) =
(
cos! # sin!
sin! cos!

)
.

DeÞnition 5 Canonical diagrams are defined by induction on the number of wires.

A canonical diagrams on 1 wire are:

or

The general form of a canonical diagrams on n wires is:

3

-1

B

· · ·
A

· · ·

C

· · ·

It is interpretedby thematrix MC = MAMB.

Remark: The identity on R is representedby a wire. In particular, the matrix Id i ⊕
MA ⊕ Idj is representedby thefollowing diagram:

· · ·
i · · ·

· · ·
· · ·
j

A

Therearetwo kindsof gates:

oppositegate rotationgate

!

for eachangle! ∈]0, " [

Theoppositegateis interpretedby thescalar−1. The! rotationgateis interpretedby

thematrixR(! ) =
!
cos! − sin!
sin! cos!

"
.

Definition 5 Canonicaldiagramsare definedby inductionon thenumberof wires.
A canonicaldiagramson1 wire are:

or

Thegeneral formof a canonicaldiagramsonn wiresis:

3

B

· · ·
A

· · ·

C

· · ·

It is interpretedby thematrixMC = MAMB.

Remark: The identity onR is representedby a wire. In particular, the matrix Id i ⊕
MA ⊕ Id j is representedby thefollowing diagram:

· · ·
i · · ·

· · ·
· · ·
j

A

Therearetwo kindsof gates:

opposite gate rotation gate

!

for eachangle! ∈]0, " [

Theopposite gate is interpretedby thescalar−1. The! rotationgate is interpretedby

thematrixR(! ) =
!
cos! − sin!
sin! cos!

"
.

DeÞnition 5 Canonical diagrams are defined by induction on the number of wires.

A canonical diagrams on 1 wire are:

or

The general form of a canonical diagrams on n wires is:

3

B

ááá

A

ááá

C

ááá

It is interpreted by the matrix MC = MAMB.

Remark: The identity on R is represented by a wire. In particular, the matrix Id i !
MA ! Idj is represented by the following diagram:

ááá
i ááá

ááá
ááá
j

A

There are two kinds of gates:

oppositegate rotationgate

!

for each angle ! " ]0, " [

The oppositegateis interpreted by the scalar #1. The ! rotation gateis interpreted by

the matrix R(! ) =
!
cos ! # sin !
sin ! cos !

"
.

DeÞnition 5 Canonicaldiagramsare definedby inductionon thenumberof wires.
A canonicaldiagramson1 wire are:

or

Thegeneral formof a canonicaldiagramsonn wiresis:

3

¥rotation (en dimension 2)



Diagrammes

¥composition sŽquentielle :

B

· · ·
A

· · ·

C

· · ·

It is interpreted by the matrix MC = MAMB.

Remark: The identity on R is represented by a wire. In particular, the matrix Id i !
MA ! Id j is represented by the following diagram:

· · ·
i · · ·

· · ·
· · ·
j

A

There are two kinds of gates:

opposite gate rotation gate

α

for each angle α " ]0, π[

The opposite gate is interpreted by the scalar #1. The α rotation gate is interpreted by

the matrix R(α) =

!
cosα # sinα
sinα cosα

"
.

Definition 5 Canonical diagrams are deÞned by induction on the number of wires.
A canonical diagrams on 1 wire are:

or

The general form of a canonical diagrams on n wires is:

3

¥composition parall•le :

B

ááá

A

ááá

C

ááá

It is interpretedby thematrix MC = MAMB.

Remark: The identity on R is representedby a wire. In particular, the matrix Id i !
MA ! Idj is representedby thefollowing diagram:

ááá
i ááá

ááá
ááá
j

A

Therearetwo kindsof gates:

oppositegate rotationgate

!

for eachangle! " ]0, " [

Theoppositegateis interpretedby thescalar#1. The! rotationgateis interpretedby

thematrixR(! ) =
!
cos! # sin!
sin! cos!

"
.

Definition 5 Canonicaldiagramsare deÞnedby inductionon thenumberof wires.
A canonicaldiagramson1 wire are:

or

Thegeneral formof a canonicaldiagramsonn wiresis:

3

!
""""""""#

1 0 0

0 cos ! ! sin !
0 sin ! cos !

$
%%%%%%%%&

,

!
""""""""#

cos ! ! sin ! 0

sin ! cos ! 0

0 0 1

$
%%%%%%%%&

.

Theorem 1 Anyrotationof R3 canbedecomposedinto threerotationspossiblypre-
cededby anaxial symmetry, where :

• theaxesof therotationsare, in order, Ox, Oz,andOx;

• theanglesare in [0, " [;

• theaxisof thesymmetryis Ox, Oy,or Oz.

Thisdecompositionis uniqueif thesecondangleis di! erentfrom0.

Remarks: Such decomposition is called a (left) canonical decomposition. It is stan-

dard if the angles of the 3 rotations are ! 0 and there is no axial symmetry. By ex-
changingOx andOz, we get the notions of right canonical decomposition, and of right
standard decomposition.

Theorem 2 Let u andw be respectivelytheupper right andthe lower left coe" cient
of therotationmatrix A. Thecanonicaldecompositionof A is standard, if andonly if,
u andw arestrictly positive.

Corrolary 1 Let A be a rotation matrix. The left canonicaldecompositionof A is
standard, if andonly if, theright canonicaldecompositionof A is standard.

3 Orthogonal diagrams

We introduce orthogonal diagrams. A diagram on nwires is interpreted as an isometric
of Rn = R " · · · " R, or equivalently, as an orthogonal n# nmatrix. The gates represent
elementary isometrics in low dimension.

Compositions of diagrams are interpreted as follows:

• Let A and B be diagrams respectively with n andmwires, interpreted by orthog-
onal matrices MA and MB. Their parallel composition is the following diagram

C:

· · ·

· · ·

A B

· · ·

· · ·

C

It is interpreted by the matrix MC = MA " MB =

'
MA 0

0 MB

(
.

• If n = m, the sequential composition of A and B is the following diagramC:
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!
""""""""#

1 0 0
0 cos! − sin!
0 sin! cos!

$
%%%%%%%%&
,

!
""""""""#

cos! − sin! 0
sin! cos! 0

0 0 1

$
%%%%%%%%&
.

Theorem 1 Anyrotationof R3 canbedecomposedinto threerotationspossiblypre-
cededby anaxial symmetry, where :

• theaxesof therotationsare, in order, Ox, Oz,andOx;

• theanglesare in [0, " [;

• theaxisof thesymmetryis Ox, Oy,or Oz.

Thisdecompositionis uniqueif thesecondangleis di! erentfrom0.

Remarks: Suchdecompositionis calleda (left) canonicaldecomposition.It is stan-
dardif the anglesof the 3 rotationsare! 0 andthereis no axial symmetry. By ex-
changingOx andOz, wegetthenotionsof right canonicaldecomposition,andof right
standarddecomposition.

Theorem 2 Let u andw be respectivelytheupperright andthe lower left coe" cient
of therotationmatrix A. Thecanonicaldecompositionof A is standard, if andonly if,
u andw arestrictly positive.

Corrolary 1 Let A be a rotation matrix. The left canonicaldecompositionof A is
standard, if andonly if, theright canonicaldecompositionof A is standard.

3 Orthogonal diagrams

Weintroduceorthogonaldiagrams.A diagramonn wiresis interpretedasanisometric
of Rn = R⊕ · · ·⊕R, or equivalently, asan orthogonaln× n matrix. Thegatesrepresent
elementaryisometricsin low dimension.
Compositionsof diagramsareinterpretedasfollows:

• Let A andB bediagramsrespectively with n andmwires,interpretedby orthog-
onalmatricesMA andMB. Their parallelcompositionis the following diagram
C:

· · ·

· · ·

A B

· · ·

· · ·

C

It is interpretedby thematrix MC = MA ⊕ MB =
'

MA 0
0 MB

(
.

• If n = m, thesequentialcompositionof A andB is thefollowing diagramC:
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R•gles de rŽŽcriture

The last rule transformsright standard form into a left standard form with the same
interpretation.Thecorollarygive theexistenceandtheuniquenessof this left standard
form.

Lemma 1 If D reducesto D′ by theaboverules,thenD andDÕhavethesameinter-
pretation.

Proof: This holdsfor the last rule by deÞnition. Theotheraredevious. For instance,
rules2, 4 and5 aregiven by thefollowing identities:

!
1 0
0 −1

" !
cos! − sin!
sin! cos!

"
=

!
cos(" − ! ) − sin(" − ! )
sin(" − ! ) cos(" − ! )

" !
−1 0
0 1

"

!
cos! − sin!
sin! cos!

" !
cos(" − ! ) − sin(" − ! )
sin(" − ! ) cos(" − ! )

"
=

!
−1 0
0 −1

"

!
cos! − sin!
sin! cos!

" !
cos# − sin#
sin# cos#

"
=

!
cos(! + #) − sin(! + #)
sin(! + #) cos(! + #)

"

Lemma 2 Thesystemdefinedby theserulesis Notherian.

Theorem 4 Everyorthogonaldiagramreducesto a uniquecanonicaldiagram.

Proof: Theuniquenessfollowsfrom Theorem(Ref)andlemma(Ref).
Weproveexistenceby doubleinductionon thenumberof wiresandthenumberof

gates:
ConsideradiagramDn,m with n wiresandm gates.It consistsof somediagramDn,m−1

followed by somegateA. By inductionhypothesis,Dn,m−1 reducesto a canonical
diagramD′n,m′−1. Hence,Dn,m reducesto D′n,m′ which consistsof D′n,m′−1 followedby
A. It remainsto reduceD′n,m. Thereareseveral case,dependingon the typeandthe
positionof A.

¥ If A is a rotation, therearefour cases:

caseone casetwo

A

! i−1

! k

! 2

! 1

C1 Cn−1

! i

A

! 1

C1 Cn−1

! k

! 2

ááá

ááá ááá

ááá ááá

ááá

ááá ááá
áááááá

ááá ááá

ááá

5

! + " ! #
" !

$!

! !!

""

$

# ! ! # ! !
! !

!

# ! !
" " " "

!

"
! + "

!

"

if ! + " < # if ! + " > #

" "
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Formes canoniques

Cn! 1C1

! 1

! 2

! 3

! k! 1

! k ááá

ááá

ááá

ááá ááá

where C1, Cn! 1, are canonicaldiagramsrespectivelyon 1 wire andn ! 1 wires,and
0 " k " n ! 1.

Theorem3 Anyisometricof Rn canberepresentedbya uniquecanonicalorthogonal
diagram.

Remark: A diagramis canonicalif and only if it containsno sub-diagramof the
following form:

!

"

! !

!

"

#

or or oror

We introducethefollowing rewriting rules:

" #

##

! #!

$"

#

!
$ ! !

!
$ ! !

!

$ ! !
$ $ $ $

!

"
! + "

!

" ! + " ! $

if ! + " < $ if ! + " > $

$ $

4

ThŽor•me :  toute matrice orthogonale admet
une unique dŽcomposition de la forme suivante :



Convergence

ThŽor•me :  Ce syst•me de rŽŽcriture est convergent. 
(convergence = terminaison + conßuence)

Cor olla ir e : les paires critiques sont conßuentes.

! + " ! #
" !

$!

! !!

""

$

# ! ! # ! !
! !

!

# ! !
" " " "

!

"
! + "

!

"

if ! + " < # if ! + " > #

" "
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Exemple de paire critique

=

1

=

1



Diagrammes 
paramŽtriques

Les diagrammes paramŽtriques dŽcrivent les changements 
dÕangles induits par les r•gles de rŽŽcriture.

=

1

=

1



Une autre paire critique

=

2

=

2



Diagrammes 
paramŽtriques

=

2

=

2



Corollaires de la conßuence

=

1

=

2

Equation de Zamolodchikov :

HIGHER CATEGORIES, STRINGS, CUBES AND SIMPLEX EQUATIONS 57 

actual  equation he derives for the condi tion that the S-matrix be factorizable can 
be obtained using a plane projection of  the two tetrahedra 

5 4 

Y 

and then interpreting the resul t as Penrose diagrams for the four tensors. This gives 
the tetrahedron (or 3-simplex) equation of  Zamolodchikov in the form: 

A i4i2il (01,02, isi3tl i6t3t2 t6tst4 0 04)Bils3ss(O1 03, 05)Ci2i3s6(02, 03, 06)Di4i5i6 ( 4, 05, 06) ~ ~SIS2S 4 

r,d6i5i4 /t3 ,0 t6i3i2 tst3il t4t2tl = 03, 06)Bsli3i5 (01,03, 05)Ail i2i4 (01 02, 04) IdS,~S5S 6 t,c'4, t75, 06)Cs2s3i6  ( 0 2 ,  

where the spectral  parameters are related by the condi tion 

1 Cl C2 C4 ] 

det Cl 1 c3 c5 =0 
C 2 C 3 1 C 6 
c 4 C 5 C 6 I 

wi th ci = cos(iv - 0i ). 
As wi th the Yang-Baxter (or 2-simplex) equation, the tetrahedron equation has 

its translation into statistical  mechanics. I t becomes the condi tion that the transfer 
matrices of  three-dimensional  models commute. In the interactions-round-a-cube 


