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ABsSTRACT. We introduce a new cofibrantly generated model structure on cubical sets. In
this model structure, trivial fibrations are precisely the open maps. In particular, this
model structure carries over to the category HDA of higher dimensional automata. Bisim-
ilar hda’s are thus identified in the homotopy category Ho(HDA).

1. CUBICAL SETS

Cubical sets are presheaves over a category of elementary cubical shapes.

Definition 1. Let Doz{O} and O, —{0 1}" forn>1. Let

09 Opoy — O,
(T1y ey Tn—1) > (T1yeeey Ti1,E,Tiy vy Tp—1)
and
ol O, — Op1
(-'L'la"-amn) — (wla axzflax1+1)
forn>1,1<i<nande€{0,1}. The category O of elementary cubes has the O,,’s as objects. It
is generated by the cofaces 5;6 and the codegeneracies o', subject to the cocubical relations
53,71 e o= 5%6051 1,71 i< j (1)
UZL o Un-l—l = Un o ijbii Z < .7 (2)
6fo0gl Tt i<j
olodis, = ¢ idp, i=j (3)
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Definition 2. The category cSet of cubical sets is the category of presheaves SetBS". The stan-
dard n-cube is the representable preasheaf

O == 0(-,0,)

Remark 3. As any category of presheaves, cSet is a (Grothendieck) topos.
Remark 4. A cubical set is a family (K,)n>0 of sets equipped with face maps

do K, — Ky
and degeneracy maps
sfl: K,_1—K,

subject to the cubical relations

df{ilod%ﬂ _ dj—1777 di,s (4)
A . 1
Snt+108p = S£ilosn (5)
. X n lodz © Z<]
d;’ilos% = ld[( ’L—] (6)
S% L Odl l,e i> ]
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2. HIGHER DIMENSIONAL AUTOMATA

, def.
Definition 5. Given a set ¥ and w = (wy, ..., wyp) € X¥, let |w| =n. Suppose from now on X
totally ordered and let

def
wF(E,S)éwlg---Swn

Let further * ¢ S, w= (w1, ...,wn) € (SU{*})*, w Cw be the word obtained from w by removing
all the occurences of * and

12, E{we (SU{x))"| w|=n A wF (5,<)}

Finally, let
def.
0i(W1y vy Wn) = (W1 eevy Wi— 1y Wit 1y vvy Wn)
and

def.
€i(Wiy ooy, Wn) = (W1 oo, Wi 1, %, Wiy ooy Wy)

Proposition 6. (Goubault) The data of definition 5 assemble to a cubical set.

Definition 7. The category HDA of higher dimensional automata (abbreviated hda’s) is the
comma-cateqory

1/cSet /!X

under 1 and over 'X.
3. BISIMULATION OF HIGHER-DIMENSIONAL AUTOMATA

Definition 8. Let K be a cubical set and A € K,, be an n-cube in K.
i. dom(A)=95..85 ;
——

n X

ii. cod(A)SaF..88 ;
N—_——

n X

Remark 9. Given a family of (n;) of positive integers, the corresponding family

1€igr
(O[n]); < ;< of standard n;-cubes can be glued to the cubical set

=1

%r n; def. coequlgi@{cod(ﬂ[ni]),dom(D[niH]): 1= i D[ni]}

Example 10. ff (3,1,2) can be depicted as

2l ——> T4

R

Y2 X2
n 4]> Y3

Ya ——> Y6

S

ry — Y5
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Definition 11. A cubical set as in remark 9 is called a path from

dom( }4: n) &L dom(Dn])
cod( § n) & cod(Tn])
m: fjil nj — %; n;

in cSet commuting with the operation dom.

to

A path extension is a mono

Notation 12. P stands for the collection of all path extensions.
Definition 13. A cubical map h: M — K is open provided h € rlp(P).

Remark 14. An open map is surjective in all degrees. The notion of open map has it’s obvious
counterparts in comma categories on cSet.

Definition 15. Let K, L € HDA. A bisimulation R: K«~L is a span
K+—R—L

of open maps. Hda’s K and L are bismilar if there is a witnessing bisimulation K« L.

Remark 16. A bisimulation is a commuting diagram
R
7N
K L
\N /
by

in 1/cSet with r; and r2 open.

4. THE MODEL STRUCTURE

Definition 17. Let C be a category. A collection of morphisms S C Cy is saturated if
i. all isos belong to S;
it. S is stable by
—  retracts;
—  coproducts;
—  pushouts;
—  countable compositions.
Let A C C; be a collection of morphisms. Its saturation A is the smallest saturated collection of

morphisms containing A.

Definition 18. Cubical maps f, g: X — Y are naively homotopic if there is a cubical map

h: X x0O[1] —Y
such that the diagram
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XxO12—y

Notation 19. cSet; stands for cSet quotiented by the congruence relation induced by naive
homotopy.

commautes.

Definition 20. Let

JE (P 0On] |n €N, P eP,dom(P) = dom(DO[n], cod(P) = cod(C[n]}

and
def.
I={dom:1<——0O[n] | n € N}
be sets of cubical maps.

1. A cubical set X is formally fibrant if X 1e rlp(IU J);
2. A formal weak equivalence is a cubical map f: K — L inducing a bijection
f*:cSetz(L,X) = cSet; (K, X)
for all formally fibrant cubical sets X.
Theorem 21. [ and J are the generating cofibrations respectively the gemerating trivial cofibra-
tions of a cofibrantly generated model structure on cSet. We have
— C={monos};
— W= {formal weak equivalences}.

Remark 22. It is easy to see that rlp(P) = rlp(I), hence the trivial fibrations in this model
structure are precisely the open maps.

Remark 23. This model structure carries over to HDA. In particular, bisimilar hda’s are iden-
tified in the homotopy category. HDA being pointed (i.e. the initial and the terminal objects
are isomorphic), the homotopy category is (pre-)triangulated and so a good platform for
homology theories.



