JOININGS OF THREE-INTERVAL EXCHANGE TRANSFORMATIONS
SEBASTIEN FERENCZI, CHARLES HOLTON, AND LUCA Q. ZAMBONI

ABSTRACT. We show that among three-interval exchange transformations there exists a dichotomy:
T has minimal self-joinings whenever the associated subshift is linearly recurrent, and is rigid oth-
erwise. We build also a family of simple rigid three-interval exchange transformations, which is a

step towards an old question of Veech, and a family of rigid three-interval exchange transformations
which includes Katok’s rank one map.

1. INTRODUCTION

One recurrent preoccupation of ergodicians in the last twenty years has been with joinings: the
notion of self-joiningsof a system has been introduced by Rudolph in [Ru], to generalize some
useful invariants of measure-theoretic isomorphism such as the factor algebra and the centralizer.
A transformation which hainimal self-joininggsee Definition 4.2 below), has trivial centralizer
and no nontrivial proper factor, and can be used to build a so-catledter-example machirveéth
surprising properties. The first example of a transformation with minimal self-joinings was given
in [Ru], and a little later the famouShacon mapvas shown in [dJ-R-S] also to have minimal self-
joinings. However, both these examples may seem built on purpose, and they have no “natural”,
i.e. geometric, realization. Geometric examples of transformations with minimal self-joinings
were sought in the category ofterval exchange transformatior{®efinition 2.1 below): these
were introduced by Oseledec [O], following an idea attributed to Arnold [Ad], see also Katok and
Stepin [K-S]. And indeed in 1983 del Junco [dJ] built a one-parameter family of three-interval ex-
change transformations, depending on an irratiohahd proved that whenever thisas bounded
partial quotients in its continued fraction expansion the system has minimal self-joinings (the in-
terested reader is warned that he waiit find the terms “three-interval exchange transformation”
or “minimal self-joinings” in del Junco’s paper; the systems which he describes as two-point ex-
tensions of rotations are indeed three-interval exchange transformations, and the notion of “sim-
plicity” he proves is only slightly weaker than the original notion of minimal self-joinings, and has
been standing as the current definition of “minimal self-joinings ” since [dJ-R1]).

But in the meantime, Veech had shown that almost all interval exchange transformation (in the
sense: for a fixed permutation, for Lebesgue-almost all values of the lengths of the intervals) are
rigid (see Definition 5.1 below), and hence have uncountable centralizers and cannot have minimal
self-joinings (this is written in [V2]); thus he devised in [V1] a weakened notion of minimal self-
joinings to allow for a nontrivial centralizer; the new notion, which Veech called “property S” but
which is now known as “simplicity (in the sense of Veech)” (see Definition 6.1 below) is strong
enough to keep many of the properties of systems with minimal self-joinings, though proving this
required a lot of work [dJ-R2] [V1]. And Veech asked the following question (4.9 of [V1])
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Question 1.1.Are almost all interval exchange transformations simple?

Note that if the answer is positive then almost all interval exchange transformations are simple
and rigid; simplicity implies either discrete spectrum or weak mixing; though there are nontrivial
examples of interval exchange transformations with discrete spectrum [Ax] [F-H-Z3], no one seri-
ously suspects that these examples form a set a positive measure; hence to give a positive answer
to Veech'’s question, we need to know that almost all interval exchange transformations are weakly
mixing, which has been known since [K-S] for three intervals but remains unproved for a higher
number of intervals, the best partial result in this direction being [N-R].

But, while Veech’s question stood unanswered, examples of simple transformations remained
scarce: there were of course the systems with minimal self-joinings, and some systems without
minimal self-joinings but naturally related to these systems (such as the time-one map of a flow
which, as a flow, has minimal self-joinings); at last in [dJ-R1], a natural generalization of Chacon’s
map was (very cunningly!) shown to be simple and rigid. It remained to this day the only explicit
simple rigid map; no “natural” system was known to be simple and rigid, and not a single interval
exchange transformation was there to give substance to Veech’s conjecture, the only known simple
interval exchange transformations being del Junco’s ones [dJ], which have minimal self-joinings.

Among interval exchange transformations, the first nontrivial ones are the three-interval ex-
change transformations; such a transformation involves two interval lengthd as parameters,
but can also be viewed as an induced map of a rotation of arigle an interval of lengtl¥’. The
properties of minimal self-joinings and rigidity are linked to the diophantine propertiesafd
(', for example, in [dJP' = %" and it is shown that whenevef has bounded partial quotients
we have minimal self-joinings, anddf has unbounded partial quotients with infinitely many even
convergents we have rigidity, the remaining cases raising open questions.

Now, the structure of three-interval exchange transformations has been studied extensively in
[F-H-Z1] [F-H-Z2], where an expansiofn,, my, €x+1)ren reflects the diophantine properties of
o/ and 3’ and governs a representation of the system by Rokhlin stacks. This representation has
been used already in [F-H-Z3] to derive new spectral properties of three-interval exchange trans-
formations. In the present paper, which relies heavily on [F-H-Z1] [F-H-Z2] but is essentially
independent of [F-H-Z3], we use this representation to solve completely the problem of minimal
self-joinings for three-interval exchange transformations, by a clear dichotomy: for an explicit set
of expansions, corresponding to a subset ofitheith bounded partial quotients, and characterized
by the word-combinatorial property 6hear recurrencgthis notion was defined independently in
[B] and [D], see Definition 3.1 below), the three-interval exchange transformations have minimal
self-joinings, and the proof is a nontrivial generalization of the proof of minimal self-joinings for
Chacon’s map. Outside this set, every three-interval exchange transformation is rigid, and these
provide the first known examples of rigid systems built through a family of Rokhlin stacks, but
where the rigidity sequence is not the sequence of heights of these stacks; this also puts the open
cases in [dJ] on the side of rigidity. And among these rigid three-interval exchange transforma-
tions, we do have an uncountable family of examples which are weakly mixing and simple, as
they are measure-theoretically isomorphic to variants of del Junco-Rudolph’s map; this gives us a
modest but first step towards a positive answer to Veech’s question. Another interesting family of
three-interval exchange transformations has a structure closely related to a well-known abstract ex-
ample, the so-called Katok’s map (in fact, a family of maps): we show the surprising result that the
classic Katok’s map is indeed a three-interval exchange transformation (up to measure-theoretic
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isomorphism), and that the unusual properties of its Cartesian square equipped with the product
self-joining (Loosely Bernoulli property, finite spectrum) are shared by the Cartesian square of
several other three-interval exchange transformations; thus we see that many people have been
using three-interval exchange transformations without knowing it. The simplicity of Katok’s map
remains a tantalizing open problem.

Throughout the paper, every constant will be denote&by

2. GENERALITIES
2.1. Three-interval exchange transformations.

Definition 2.1. A k-interval exchange transformati@given by a probability vectdiy;, as, . . ., ag)
together with a permutatiom of {1,2,...,k}. The unit intervall0, 1) is partitioned intok sub-
intervals of lengthsv;, as, . . ., a;, Which are then rearranged according to the permutation

In this paper we consider symmetric three-interval exchange transformatian, a three-
interval exchange transformatidn with probability vector(«, 5,1 — (a + 3)), o, > 0, and
permutation(3, 2, 1) ! defined by

r+1—-a if z €0,a)
Q) Te=qx+1-2a—0 ifx€a,a+f)
r—a—p[ if z €a+5,1).

Throughout the papef]” will denote the symmetric three-interval exchange transformation on
I = [0,1) defined in equation (1). It depends only on the two paramétets o« < 1 and
0 < /< 1— «. We note thafl" is continuous except at the pointsanda + 3.
Set
, l—a 1

(2) @:1+ﬁ and ﬁ/:m

ThenT is induced by a rotation on the circle by angle More precisely,l" is obtained from the
2-interval exchang# on [0, 1) given by

x+ o if x€[0,1—a)
Rx = _
r+a -1 ifze[l-ad,1).

by inducing (according to the first return map) on the subintefuat’), and then renormalizing
by scaling byl + 5.

We sayT satisfies thenfinite distinct orbit conditionor i.d.o.c. for short) of Keane [K] if the
two negative trajectorie$7 " («)},>0 and {7 "(a + ) }.>0 Of the discontinuities are infinite
disjoint sets. Under this hypothesis,is both minimal and uniquely ergodic; the unique invariant
probability measure is given by the Lebesgue meagane[0, 1) (and hencél, T', i) is an ergodic
system).

Because of the connection with the inducing rotati®nthe exchangd’ doesnot satisfy the
i.d.o.c. condition if and only if one of the following holds:

e ¢/ is rational, or equivalentlya + ¢6 = p — q,
e 7' = pa’ — q, or equivalenthypa + g8 =p — ¢ — 1,
e 3 = —pa’ + ¢, orequivalenthypa + g6 =p — g+ 1

1Al other permutations on three letters reduce the transformation to an exchange of two intervals.
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for some nonnegative integer and positive integey. Therefore, the i.d.o.c. condition holds for
almost everya, 3).

2.2. Results of the arithmetic algorithm. This subsection summarizes some results from [F-H-Z1]
and [F-H-Z2].

Let I denote the open intervéd, 1), D, C R? the simplex bounded by the lings= 0, = = 0, and

x +y = 1, and D the triangular region bounded by the lines- %, r+y=1and2z +y = 1.

We define two mappings ohx I,

F(x,y):(Qx_l,%) and G(z,y)=(1—-x—y,y).

X

We check that if o, 3) € Dy is notin D and is not on any of the rational lings + ¢35 = p — g,
pa+qB=p—q+1,pa+qgB =p—q—1thenthere exists a unique finite sequence of intelgers
li, ..., 1y such that«, 3) is in H=*D whereH is a composition of the formiy! o Fo o G o F1 o
G...oGoF%oG* s te{0,1}.

The functionH («, 3) is computed recursively as follows: we start with) = «, 3 = 3.
Then, given(a®), 3*) ) we have three mutually excluswe possibilities(df*), 3) is in D, the
algorithm stops; ifv*) 2, we applyG; if 2% + 3%) < 1, we applyF.

Associated to each pointy, 5) € Dy is a sequenceény, mg, €x+1)r>1, Wheren, andm,, are
positive integers, ang.; is 1. This sequence we call thieree-interval expansioaf (¢, ), is a
variant of thenegative slope expansiatefined in [F-H-Z1]; it is constructed as follows:

e For(a, 3) in D we put

l—a-p 1 -2«
= and =
o 11—« Yo 1—
and define fok > 0
Y T .

_ (Jfk-f';k)—l ’ (ack—&-ykk)—l if Tk + Yk > 1

(:Ek+1, yk+1) = . ) y
T—(zetye) [\ T-(@rtur) Tz, +yp <1

L(xkf;k) 1J L $k+yk J if Tp+yr > 1

Ll $k+yk J L —gﬂﬂkﬁcyk)J i Tk Yk < 1

where{a} and|a| denote the fractional and integer partafespectively. Fok > 0 set

(nk+1, mk—H) =

€pr1 = sg(Tr +yp — 1).
We note that, is always—1, hence we ignore it in the expansion.
e For(a,3) ¢ D we letH be the function above for whichy, 3) € H~'D and put
(d7 B) = H(O[, 5)7
and defingnx, my, e,11) as in the previous case, starting frgm, 3) € D.

The following proposition sums up what we need of [F-H-Z1]; wHeng) is in D, it is a
translation (taking into account the fact that the initial conditions are slightly different) of results
in [F-H-Z1]; in the general case, it comes from these results and the definitian 6f.

Proposition 2.1. 1) If T satisfies the i.d.o.c. condition, then the three-interval expansion
(ng, mg, €x11) Of (o, B) is infinite.
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2) An infinite sequenceuy, my, €,41) is the expansion of at least one pair, 5) defining a
symmetric three-interval exchange transformation satisfying the i.d.o.c. condition, if and
only if n, andmy, are positive integersy.,.; = +1, (ng, ex+1) # (1, +1) for infinitely many
k and (my, €,.41) # (1,41) for infinitely manyk.

3) Each infinite sequence,, my, €x11) satisfying the conditions in 2) is the three-interval
expansion of a countable family of couples (3), with exactly one couple in each of the
disjoint triangles D, where H has any of the possible forms defined earlier in this
section, including the identity.

_ 1
4) (@) = {55 = ——
24+

€2

mi+n; —
+ny — 2
m Ng —
- - 2 - 2 m3 + n3 B '. tC . - - -
5) o/ has bounded partial quotients (in the usual continued fraction expansion) if and only if

in the three-interval expansion ¢f, 5) then; + m, are bounded, as well as the lengths
of strings of consecutive, 1, +1).

2.3. Results of the combinatorial description. This subsection summarizes some results from
[F-H-Z2].
Let o, 5, T be as in equation (1). We define the natural partition

Plz[0,0é),
PQZ[Q/,O(*FB),
P3:[a+671>‘

For every pointz in [0, 1), we define an infinite sequenc¢e, ),.cy by puttingz,, = i if T"x € P,
1 = 1,2,3. This sequence, also denotedyis called therajectoryof z. If T" satisfies the i.d.o.c.
condition, the minimality of the system implies that all trajectories contain the same finite words
as factors. The shift on the set of trajectories defines a symbolic dynamical system which is called
thenatural codingof 7.

Let I’ be a set of the fornﬂ?;olT—iPki; we say!/’ has anameof lengthn given bykg ..., k,_1;
note that/’ is necessarily an interval, artg, . . ., k,_; is the common beginning of trajectories of
all points in/’.

For each interval/, it is known (see for example [C-F-S], p. 128, Lemma 2) that the induced
map of 7" on J is an exchange of three or four intervals. More precisely, there exists a padtition
1 < i <t of Jinto subintervals (witht = 3 ort = 4), andt integersh;, such that™:.J; c .J, and
{T7J;},1 <i<t0<j<h;—1,is apartition of[0, 1] into intervals: this is the partition into
Rokhlin stacksssociated td’ with respect ta/. The intervals/; have names of length;, called
return wordsto J.

Theorem 2.2.(Structure Theorem) L&t be a symmetric three-interval exchange transformation
as defined in equation (1), satisfying the i.d.o.c. condition, anthlgtmny, €;+1)r>1, be the three-
interval expansion ofa, 3). Then there exists an infinite sequence of nested intedyals > 1,
which have name, and exactly three return wordsl,, B, and C}, given recursively fok > 1
by the following formulas
Ay = AP ICL B Ay,
By = AZiIICkle;T_]H,
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Tbk—l Jk2
| | |
Tak—ljkl :
f f | |
: : Tck_l Jk?)
| | | |
| Ty | Ty | T |
| I I |
Jkl Jk2 JkS

FIGURE 1. The three Rokhlin Stacks

Cp = A Cra B
if €1 = +1, and
Ay = AP MO, B,
By, = AZSICIQAB;T_'H_IAICA,
O = A O, 1 Bl Ay
if ex.1 = —1, for initial words Ay, By andC|, such that the lengths of the first two differ exactly by
one. The words!, and B, both containw, as a prefix.

The Structure Theorem gives an explicit construction of Rokhlin stacks.

Let w, be the name of/,. Every trajectory undef’ is a concatenation of words,, By, Cy,
which we call thek-words We say that &-word occurs at itéegal k-placein a trajectory if it is
immediately followed by the worad,. A concatenation ok-words occurs at its legal-place if
each of itsk-words occur at their legal-place.

We defineF' A, to be set ofr € X such that (in the trajectory af) z, is the first letter of the
k-word Ay in its legalk-place, and similarly' B, and F'C. Note thatF'A, U F'B, U FCy, = J4,
and these are exactly the three intervals of continuity of the induced mapof/;.

Let a, by, ¢ be the lengths ofd;, B, and Cy; it follows from the Structure Theorem that
|ak — bk| = |a0 — b0| = 1 andg¢y is eithera;, — ap_1 = by, — b1 Or a;, + ap_1 = by + bp—1. In
particular, we have, < 2a,. ThenX = [0, 1) is the disjoint union ol "FA;, 0 < j < a; — 1,
TIFB,, 0<j<b,—1,TIFC,, 0 < j < ¢, — 1; we denote by A, the disjoint union ofl7V F' A,
0 < j < a,—1, and define similarly B, andrC}; T Ax, 7B, andrC}, are called thé&-stacksand
theT'F A, 0 < j < a;, — 1 are thelevelsof the stackrA;,, and similarly forB andC. The levels
are intervals of small diameter, as they have names of arbitrarily large length; hence any integrable
function f can be approximated (ih; for example) by functiong;, which are constant on each
level of eachk-stack.

Hence, in the language @hite rank systemsee [F], the Structure Theorem implies that
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Corollary 2.3. T'is of rank at most three, generated by the stacks, 7By, 7C}; the recursion
formulas in the Structure Theorem give an explicit construction by cutting and stacking of these
stacks.

The finite rank structure is particularly relevant in the measure-theoretic study of the system
(I, T, n), and in this framework, the following Lemma will be useful:

Lemma 2.4. For any trajectoryz, the Lebesgue measuyrér A;) is the limit whem goes to infinity
of% times the total number of indic@s< i < n — 1 such thatz; belongs to a word4,, in its legal
k-place. Similarly forB, andC}.

Proof. This follows from the unique ergodicity @f. 0J

3. LINEAR RECURRENCE

Definition 3.1. A symbolic systerX is calledlinearly recurrentf there exists a constamt’ such

that each word of length occurring in a sequence of occurs in every word of length at least
Kn occurring in a sequence of .

We say that a three-interval exchange transformation is linearly recurrent whenever its natural
coding is linearly recurrent.

Proposition 3.1. A symmetric three-interval exchange transformation satisfying the i.d.o.c. condi-
tion is linearly recurrent if and only if theu, ny, the lengths of the strings 6f;, = 1, 6,1 = +1)
and the lengths of the strings of., = 1, ¢;,.1 = +1) are bounded.

Proof
If the condition is satisfied, then the ratios of the length of eaetord and the length of each
(k — 1)-word are bounded, while eaéhword occurs in eactk + K)-word for a boundeds. As
each word occurring in a sequenceXfis a subword of somg-word, linear recurrence follows.

Conversely, if the condition is not satisfied:rif;, is not bounded, the word, _; in its legal
place does not occur iB,"™,, whose length is at least; (a;—; — 1), and this means that, 1 A;_1,
whose length is at mog&t;,_;, does not occur i, B;™*,, and this prevents linear recurrence; if
there are strings of length/ of (m;, = 1,¢,,1 = +1), some wordA, in its legal place will not
occur in By nor in Cy. 7, the lengths of which are at least’a, for someM’ going to infinity
with M, and we conclude similarly. The reasoning is similar if we replagédy n,. QED

Proposition 3.2. Let o’ and 5’ be defined by equation (2). df has unbounded partial quotients
(in the usual continued fraction expansiofd)js not linearly recurrent. I’ has bounded partial
quotients, the set gf’ such thatl is linearly recurrent is uncountable and of measare

Proof
If o’ has unbounded partial quotients, assertion 5) of Proposition 2.1 implies the absence of linear
recurrence.

Suppose nowy’ has bounded partial quotients; we make the proof(éor3) in the preferred
triangle D, the situation in the other trianglés—' D being deduced by the tranformatiéhwhich
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does not change the above properties. Tiqeiho/ < %; we expand it in the form

€9

r —

ro — —

with r; > 2 ande;; = +1; there are many ways to do this, as at each stage we have two choices,
one withr; = r ande; = —1 and one withr; = » + 1 ande; = +1 (except ifr = 1, where the

only possible choice i8; = 2, ¢;,.; = +1). Then, because of assertions 3) and 4) of Proposition
2.1, every possible sequen@e,, my, €x+1) With n, + my = r, for everyk is the three-intreval
expansion of soméa, 3) such thate/ = ;—g. Hence, for any expansiofr;, ¢;.1) and for any

M such that there are at modf consecutivgr;, €;41) = (2,+1), which exists because’ has
bounded partial quotients, we can find an uncountable number of expagsjons;, €;1) with

at mostM consecutivgm;, €;41) = (1,+1) or (n;,€;41) = (1,+1), and hence an uncountable
number ofg’ such thatl” is linearly recurrent.

To prove the last assertion, we need to prove that for fiXeg c, Whereé <c< % and the
(usual) partial quotients af are bounded by3, and for anyM, the set of5’ giving expansions
with at mostM consecutivedm,, ¢;.1) = (1,+1) or (n;, €;,41) = (1,+1) is of measure zero. We
use the notations of subsection 2.2 and [F-H-Z1];9dde the transformation senditfig, yx) to
(zr+,yrs1) in subsection 2.2, and thg, be the Farey cells coorespondings to the finstlues of
(ng, mg, €x+1), See Section 3 of [F-H-Z1]. Let,, be the set ofa, 3) in the preferred triangl®
having three-interval expansions with at leadstconsecutivem;, €;,1) = (1,+1) or (n;, €;41) =
(1,41); we want to prove that each Iirﬁg% = cintersectsZ,, on a set of full linear measure.

Let 7}, be the set ofa, 3) in the preferred trianglé having three-interval expansions begin-
ning with A/ consecutivgm;, ¢;.1) = (1,+1); then, as the lind,, = {};—g = ¢}, corresponds to
To+ Yo = 3 — % the set”), intersects eacli.., where the partial quotients ofare bounded by
B, on a set of linear Lebesgue measure at le@8t M/) > 0. On the other hand, the intersection
(assuming it is nonempty) df, with a k-th level Farey quadrilateral is taken linearly 5 to the
intersection of a lind.,; with the preferred triangl® = @Q,, where the partial quotients dfare
bounded byB+1, because of the formulas giving andy,. Hence, at least( B+ 1, M) of the lin-
ear measure of the intersection of the lihewith everyk-th level Farey quadrilaterd), is taken
linearly by S* to Z},; such points have a string of lengdtf of consecutivem;, ¢;,1) = (1,+1)
beginning at placé in their expansions. By applying the argument to higher level quadrilaterals,
neglecting boudary points, we can thus show that almost all thd lingin Z,,. QED

Examples
The notion of linear recurrence is, for an irrational rotation, equivalent to the boundedness of the
partial quotients of the angle. Thus, a linearly recurrent three-interval exchange transformation
can be viewed as a three-interval exchange transformation with bounded partial quotients; as was
noticed in [B], the three-interval exchange transformations for whidmas bounded partial quo-
tients are not always linearly recurrent, but they always satisfy a weaker propertypraliisctable
recurrence(there exists a constant bounding the ratio of the highest and lowest return times of any
word in their natural coding).
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In [dJ], a one-parameter family of three-interval exchange transformations was built as follows:
1 1

starting with an irrationa) < v < 1, weputa =%, =1 - 2ify <1 g=1-2ify > L.
Then the three-interval expansion(ef, 5) is such thatn, = ny for everyk > 2: if v > % (a, )
is in the preferred triangl® with o/ = v andg’ = 377 and we check that; — y; = 1, hence
my = ny + 1, x9 = 19, andmy, = n, for everyk > 2; the casey < % splits into a countable
number of subintervals according to the valug®f3), and we check that in each casg— y;
is an integer. Thus, among del Junco’s examgléss linearly recurrent wheneverhas bounded

partial quotients, not linearly recurrent wheneydras unbounded partial quotients.

It will be proved in [F-H-Z3] that a weakly mixing three-interval exchange transformation can be
linearly recurrent or not; for self-induced ones, we have always linear recurrence, as was already
noticed in [B]. Note that linearly recurrent three-interval exchange transformations, when they
satisfy the i.d.o.c. condition, are always weakly mixing: this comes from Proposition 3.1 and
[F-H-Z3], or from Proposition 3.2 and [B-N].

4. MINIMAL SELF-JOININGS

Definition 4.1. A self-joining (of order two) of a systerlX, 7', ;1) is any measure on X x X,
invariant under?" x 7', for which both marginals arg.

Definition 4.2. An ergodic systerX, 7', 1) hasminimal self-joininggof order two) if any ergodic
self-joining (of order two) is either the product measuyex u or a diagonalmeasure defined by
v(A x B) = u(ANT'B) for an integeri.

The minimal self-joinings of order three or more would involve measures on higher order Carte-
sian powers ofX'; we conjecture our results would generalize to higher orders. Throughout this
paper, we use “minimal self-joinings” for “minimal self-joinings of order two”.

Theorem 4.1. A linearly recurrent three-interval exchange transformation satisfying the i.d.o.c.
condition has minimal self-joinings.

In all the sequel of this section, we shall prove this theorem, the proof being a natural gen-
eralization of the proof that Chacon’s map has minimal self-joinings [dJ-R-S]; a more involved
generalization of that proof was made in [Ra] for the horocycle flow, and indeed our proof uses
(implicitely) Ratner’s famou®-property

Let T be a linearly recurrent three-interval exchange transformation satisfying the i.d.o.c. con-
dition. If we denote byh, the smallest of the heights., by, ¢z, we haveh, < a, < Khy,
hip < by < Khy, by < ¢ < Khy, andhy, < hyyq < Khy,.

For a pointr, we say equivalently that is in thei-th level of the stack W, (W, being A, B
or C},), or thatz, is in positioni in the wordW,. This wordWW,, is a subword of & + 1-word
occurring in its legak-place according to the recursion formulas of the Structure Theorem; we say
it hasorder j ifitis the j-th k-word in thisk + 1-word ; j is an integer betweehandmy,, 1 +ng41,

Oor my1+mngp1+1,0rme 1 +n, 1 — 1. If x andy are in the same staekl,, we sayr, andy, are

in k-words of the same type{( B or C). If x andy are in the same stack and in the same column,
thenx, andy, are ink-words of the same type and of the same order ingidel-words of the
same type. Ift andy are in the same stack but in different columns, thgandy, are ink-words

of the same type and with different orders, or else with the same order but ingidewords of
different types.
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If 2, is at positiory in its k-word which we denoté, (0), y, at position; in the wordY},(0), the
overlapbetweenX, (0) andy,(0) isw =i A j + (| Xx(0)| — i) A (|Yk(0)| — 7). We write then, for
a givenr, ther + 1 first k-words inx andy above each other:

We call (X4(7), Yx(¢)) the pairs ofcorresponding:-words, the initial one being far = 0. Note

that there is not necessarily a positive overlap betw&efs) andYj(s) for 1 < s < r, in the
sequel we shall use only the fact that the initial overlap is large enough.

Definition 4.3. For integersk > 0 andt > 0, x andy have ak-forcing of shift ¢ if there exist
integersi > %’f and—Khy < i, < iy < Khy — [, and subwords; andv of z andy such that
on (x,y) fromi, toi; + [ we se€uq...u;, vy ...v;) While on(z,y) fromi, to is + [ — ¢t we see
(Wo -« U, V.. V) OF (Uy ... U, Vg ... V_y).

Lemma 4.2. There exists a sek, of measurel such that ifx and y are in £, and belong to
different orbits, then, for infinitely many valuesigfr, andy, are in k-words of different types or
of different orders, with an overlap between théseords larger tham,, /K.

Proof
We check that for: in a setE), of full measure, there exist infinitely mamysuch thatr, is not in
the first nor in the Ias% positions in itsl-word (this come from the independence of these events
whenk varies). We start fronx in X, and take such ah If, for everyk > [, xq andy, are in
the sameé:-word, they are always in the same column of thstack, and their difference of level
i(x,y) is constant: them andT"y are not separated by the partition into levels of the stacksrand
andy are on the same orbit. So we take the first [ such thatr, andy, are in different:-words.
Then: if k = [, the position ofz in its [-word guarantees an overlap of at Ie%%to the left or
to the right of (xo, y0); if & > [, o andy, are in ak — 1-word of same order, which guarantees
an overlap of at least,_;, except in the case wherekaword is made with only oné — 1-word,
which happens only whe€, = C;_; becausén,, my, ;1) = (1,1,4+1), and in that case we
wait until the firstl such that(n;, m;, 1) # (1,1, +1), which is at most + K, and the overlap
will be at leastit. QED

Lemma 4.3. If x andy are in E, and belong to different orbits, there exist an integer 0 and
infinitely many integerg > 0 such thatr andy have ak-forcing of shiftt.

Proof
We take one of th& in the conclusion of Lemma 4.2. Take for examplg auch that4, is the
longest of the two wordd,, and B;.; we know that4,, B, andC), are return words of the word,;
wy, is a prefix ofA;, and By, and eitherwy, is a prefix ofCy, or Cy, is a prefix ofw;, andwy,, Ay, By, Cy
have respectively lengttis+ 2, h + 1, h, ¢ for someh andc ; each timeA,,, B;. or C occur in their
legal position in an orbit, they are followed hy,. Occasionally, we shall writd for A, and so on.

Case 1 z( andy, are ink-words of different typez, is in Ay, 3o IS in B,. Suppose for example
Tioo Tigper = Ag, @NdYiig. .. Yivarn = Br With 0 < d < h. Then on(z,y) fromi + d to
i+ h—1we seewy...wy_1,Wp...ws_q_1) While on (z,y) fromi+d+ h + 1toi+ 2h we
see(wy_1 ... wp_g, W ... wH_q-1). h — d is the overlap and is at Iea%g whilei+d+h+11is
betweer) and K h;, so we have &-forcing with shift1. Of course, the same is true for negative



JOININGS 11

values ofd and cases when;, is shorter tharB;,.

Case 2 z, andy, are ink-words of different typey is in Ag, y is in C,. Suppose first that
myy1 > 2; then after & there is always &, followed possibly by otheBs, then by a string of
niy1 Orngy — 1 As and aC, while, after anA, we see a string of length at most,; — 1 of As
then aC'. Thus inz from placei we seeAA"C and iny from placei + d we seeCBD; ... D,
where0 < r < K and eachD; can be either anl or aB.

Suppose we sed(' in x starting at place, overCB in y, starting at place + d; note that in
fact we seeACw in z, CBw in y. Leth’ be the smallest of andc. Then on(z, y) from ¢ + d to
i+h —1wesegqwy...wy_1,wq ... wy_q_1) Whileon(z,y) fromi+d+c+h+1t0i+c+h+h
we seqwy_1 ... wy_2, Wy . .. Wy _q_1); fOr the same resaons as in the last case, this gives a forcing
of shift one. Suppose now we séelC' in z starting at place, overC BB in y, starting at place
i+ d; note that in fact we sed ACw in xz, CBBw iny. Thenon(z,y) fromi+dtoi+h'—1 we
see(wy . .. Wy —1,Wy . .. wWp—q—1) Whileon(z,y) fromi+d+c+2h+2t0i+c+2h+h +1we
see(wg—z ... wy—3,Wo ... Wy —q—1); here we have a forcing of shigt Similarly, the general case
gives a forcing of shift < »’ < K, the lengthl being at least the initial overlap minu$

Csae 3zisin A, yisinCy, miy1 = 1 ande,, o = —1. Thek-words occur in strings of the
form A"~ 1CA, A"~1CB, andA"~'C B A; we wait until we see & in z or y, which will occurr
words after the initiald or C, and thisr is bounded as at least oa¢'CBA = C,.,, will occur
in eachk + 2-word.

Let us show thatve do not see the fird at the same time in andy. Suppose for example
this B occurs iny. The firstB in each of the two types of + 1-word where it may occur has
the same order (considering the order df-avord inside itsk + 1-word). AndC}; containshB,
hence none of the pairs of corresponding 1-words between (strictly) the initial one and the one
containing the firsB can have &, 1; as for the initial one, it can have(@,  ;, but then it contains
the first B, except in the exceptional case where the wércbntainingz, is the lastt-word of its
Cr41. Now, the initialk-words A in z andC' in y have different orders; we cannot overcome this
difference of order unless we see aflg |, asA;; and By, have the same number bfwords;
hence, if there is any pair of correspondifig- 1-words after (strictly) the initial one and before
the one containing the firge, when we move to this second pair of corresponding 1-words,
two cooresponding-words have also different orders, either because we have not geen,ar
because we are in the exceptional case above and check that it must still be so; after that and until
the pair of corresponding + 1-words containing the firsB, we do not see &'.,,; hence two
corresponding:-words inside thé: + 1-words containing the firsB cannot have the same order,
so there cannot be anothBrabove the first3.

As for the wordsC, as(ngi1, mei1, €xt2) # (1,1, +1) they are always isolated. Then, if the
first B is in y, we write the words ofz, y) until the end of the firs€' in z after thisB in y (note
that this will not bring anotheB in = or y as theBs are isolated and occur only aft€s); if this
Bisinz, we stop at its end. Because we have not se€p.a, we have seen the same number of
k + 1-words above and below, and the numbe€adbove and below until we stop is the same. So
we have two strings of correspondikgwvords, made with oné, and some wordgl andC' with
the same number @f above and below. We compare as in the previous ¢agsg from i + d to
i+ h' — 1 with (z,y) just after we stopped, and we get-dorcing of shift1, because the length of
the string we compare is at least- K and the position of the furthest one is boundediy;.
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Case 4 zisin A, yisin Cy, €.42 = +1 andm;; = 1; this cannot be solved at the level
of k-words. But the strings ofm; = 1,¢41 = +1) have bounded length: so letbe the first
[ > k + 1suchthafm,., 1, 0 # (1,+1); z is smaller thark + K, B does not occur in anyl; or
Cifork+1<1<z butoccursinB,,,C.,;andA, ., if m,,; > 1,in A, andC,, otherwise.
Hence we see & in = or y after a bounded number éfwords. From the formulas giving the
z + 1-words as concatenations bfwords, we check that the firé? in each of the two or three
types ofz 4+ 1-words where it may occur has the same order, considering ordéra/ofds inside
z + 1-words, and that the initial wordd in z andC' in y have different orders (if we see different
type of words with the same order, it can only be Arand aB); again, we cannot overcome
this difference of order unless we see ane,, andC,; containsB, hence none of the pairs of
k + 1-words we see in: andy between (strictly) the initial one and the one containing the first
can have &, ,. We can now show, as in Case 3, that there i&snander (or above) the firdg we
see, with only one trouble: the case when the initial pait ef 1-words has &', but does not
contain aB after the initial position; note that this can only happes if, = —1 andx or y, is in
the lastA, of C.,4; also, if this pair is made with tw@’, , ;, the trouble is avoided. Otherwise, for
examplez, is in the lastA, of C. ., while y, is in a B, (and then we conclude by Case 1, as the
overlap is a bounded proportion of the length of theords), or in a', (and then we conclude by
Case 2o0r3,a6n,.1,¢6,.2 # (1,+1)), orinanA, ; in that last case, there will still be a difference
of orders of the matchet-words in the next pair of + 1-words (considering order df-words
insidez + 1-words), and we can continue as in Case 3, unless (mayh®)n the lastA, of B, , 1;
in that last subcase3.,; = A" 'C.B* 1A, andC.,, = A" 'C.B*A, with u > 1, so we see a
B, above aC, with ¢, ,» = —1, hence we conclude by the symmetric of Case 2 or 3. And then we
finish Case 4 in the same way as Case 3, except thét tre not isolated; but, as we see the same
number ofC, ,; above and below, again we can stop in such a way that we see the same number
of C' above and below.

Symmetrics of Case 2, 3, # x is in By, y is in Cy, a similar reasoning holds, replacing the
by then,: in Case 2S#;; > 2), we go left instead of going right frorx,, v ), using that before
aC there is anA. In Case 3S, we also go left, using that the fifstve see on the left is the last
k-word in any of thek + 1-word where it may occur. In Case 485is the firstl > k + 1 such that
(nyy1, €40 # (1,41), and we go right if, 1 > 2, leftif n,,; = 1 ande,,, = +1.

Of course;r andy play symmetric parts.

Other cases, when andy are in the samé:-stacks, in different columngor examplez, is in
Apg, yo IS in A, but not in the samé-word inside theirk + 1-word. Then a translation sends us to
one of the cases 2 to 4, or 2S to 4S.

Now, as we have infinitely mang-forcings with shift0 < ¢, < K, there exists onésuch that
we have infinitely many:-forcings with shiftt. QED

Lemma 4.4. ([dJ-R-S] Proposition 2, p. 278) I{Y,S, p) is an ergodic transformationy an
ergodic measure ol x Y, with marginalsp on each copy oY, invariant underS x I, wherel
is the identity, them = p x p.

Proof of Theorem 4.2
Let v be an ergodic joining; we choose a pofnt y) generic forv, such thatr andy are in £ (it
is possible because the marginals ane If x andy are on the same orbit undér we check that
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v is diagonal. Henceforth we supposendy are not on the same orbit. Then tebe given by
Lemma 4.3.

Let P and@ be two arbitrary cylinders, of namesandg, and let us show that(P x T'Q) =
v(P x Q). If this holds for every cylinder, we shall deduce thas I x T*-invariant, and so is the
product measure, &' is ergodic becausg is weakly mixing.

We fix ane, and take & such that we have faforcing with shift¢; If & is large enough, generic-
ity ensures that on every segménty)o, ..., (z,y); O (z,y)_1, ..., (z,)o, Wherel > <& the pair
of words(p, ¢) appear with a frequency-close tov (P x Q). We deduce that these pairs appear
with a frequency;&-close tov (P x Q) in every segment ofr, y) of length at Ieas% containing
the origin.

Let us take now the string from to i; + [ given by thek-forcing: let¢ be the density ot
in (i1, + 1) for whichT?x € P,T*y € Q we havel{ — v(P x Q)| < §, for otherwise there
would be a proportion bigger thagf- — ;5 of errors on the segmeid /\ i1,71 + 1) or on the
segmentiy, 0V i; + ). Similarly we can ensure that,§f is the density ot in iy, i, + [ for which
T*xz € P,T*y € T'Q, we havel¢’ — v(P x T'Q)| < §. But the forcing implies = ¢, so we
deduce thaly(P x Q) — v(P x T'Q)| < e. QED

5. RIGIDITY

Definition 5.1. A system( X, T, i) is rigid if there exists a sequeneg — oo such that for any
measurable set
u(T"AAA) — 0.

Theorem 5.1.A non-linearly recurrent three-interval exchange transformation satisfying the i.d.o.c.
condition is rigid.

Proof
Itis enough to prove that for a given gt there exists a sequenge— oo such thap (7% FAE) —
0; such a sequence will be calledigidity sequencdor 7.

Case 1limsup 7= = +o0 or limsup ~* = +o0.
Suppose for example th#F — +oo for k in a sequence’ ; then the measure of the stack,_;

is at Ieast”jilﬂ, hence tends to one df) and, for a leveL of this stacku(7T*-*LAL) < “flk).
Hence, by approximatingl by levels ofr A;_;, we get the desired relation with the rigidity se-

qguenceu,_ 1,k € S.

Case 2 = and”* are bounded, but:;, + n, are unbounded.
Suppose for examp}ek — +oo for k € S; we have alsan;, — +oo for k € S, asmy, > Kny;
we can also suppose that fore S, b,_; = a,_1 + 1. Note that for a large enough € S, the
proportion of the word4,._; inside each of the thréewords is approximately the same, and hence
close tou(Ay_1), the same is true faB,_; andC)_;; hence, for a large enoughe S, each level
of ak’-stack,k’ < k — 1 is e-independent of eackl’-stack,k” > k.

Suppose we have found som@nd somé) < ¢ < 1 such thatu(7°AAA) < tu(A), and fix
e. Fork € S large enoughF is e-close to a sefy; U E5, whereFE; is a union of levels ot A;_;
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and E5 is a union of levels of-B,_; (the measure ofC}._;, being at mostm tends to0
on S). By going to a largek € S if necessary, we can ensure thatfor 1, 2, u(E;) is close to
K;u(E), whereK; = u(7Ag_1) is bounded away fromi and1 and K, = 1 — K;. Similarly, we
can ensure that* £ N E is cut into £] and £, unions of levels of the two stacks, witl{ £!) close
to K;u(T*E N E); and, if s is snall compared withy,_,, F/ is e-close to(T°E, N E,) and E, to
(T*°Ey N Es). If k is large enoughs is also small compared withy, andmy.

Let nows' = sa,_1 + s = sby_1; by T%', each level off;, except the ones situated at a height

in 7A,_, bigger tham;_, — s, and except for a proportion of each level of at mﬁstis sent into

a level ofr A,_, situateds levels above; byl™*', each level ofF,, except for a proportion of each
level of at mostmik, is sent into the same level of3,._,. Hence

WT ENE)> u(T°EyNEy) + u(E,) — Ke > Ky(1 — t)u(E) + Kyu(E) — Ke;

andu(T¥ EAFE) < Kt — Ke < Kt for a constanf < 1. So we get the required relation with a
rigidity sequence of the forry, ;... b, 1, for some subsequenéegof S.

Case 3 there are unbounded strings(@f, = 1, my = 1, 441 = +1).
Then for fork in a sequence there existe(k) — +oo such thatd,,, = C} A, By, = C}B,
Cr+p = Cr. And as in Case 1, the rigidity holds with the rigidity sequeagg, k € S.

Case 4 the strings of(n, = 1,m; = 1,e,.1 = +1) are bounded but there are unbounded

strings of(my, = 1, ¢,41 = +1) or of (nk =1, €41 = +1).

We take a long string ofing, = 1, €, = +1); thus Ay = AP Cr 1 A1, Cr = AP Cry, and

By, has small measure as long as we are far from the (upper) end of the string. We do not change
anything (and in particular the measure of the stacks) if we replace these rulgsby,* ,Cj._1,

Cy = A*7'Cy_,. Asiin Case 2, we take a sBtand ak, large enough so thdt is almost made of

levels ofr Ay, and ofrCy,_, and we supposk, is the beginning of a string dfn;, = 1, ¢, =

+1).

By T*-1 E, every level ofE' is sent on a level of/, except those which are 1fi,,_; and the
part of those in4,,_; corresponding to the last,,_; in a string ofAZ(’jo_Il or AZ:O_I. By T E,
every level ofE is sent on a level of/, except those corresponding to the ldgf_; and theC},_,
in a string ofAk ?, followed by a string ofAZ;“O_II. By T%0+ E, every level ofE' is sent on a

level of E, except those corresponding to the ldg;_, and theCy,_,, inside a string otélZ(’jO_l
followed by a string ot4k o, ' which are themselves inside a strlng/t):f"0+1 followed by a string

of AZ§°+1 g By continuing, we see that(7*o+ EAFE) is small whenever we see betwegnand
ko + [ a large enough number af > 2; but, as we are not in Case 3, this happens for infinitely
manyk, and/ big enough. QED

Corollary 5.2. A three-interval exchange transformation satisfying the i.d.o.c. condition either
has minimal self-joinings or is rigid. In particular, its centralizer is either trivial or uncountable.

Examples
From Section 2 and 4 we get that del Junco’s examples are rigid whepbasrunbounded partial
guotients, which was conjectured but not proved in [dJ].
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There exist systems which do not satisfy the dichotomy in the above corollary; for example,
for the shiftT associated to the usullorse sequencet is proved in [L] that the centralizer is
generated by the powers’ and theflip map¢, hence is countable but not trivial. Hence we get a
new, completely different, proof of a result of [B-C-F]:

Corollary 5.3. A three-interval exchange transformation satisfying the i.d.o.c. condition cannot
be measure-thoretically isomorphic with the shift associated to the usual Morse sequence.

6. SMPLICITY

Definition 6.1. An ergodic systeniX, T', 1) is simple of order twdf any ergodic self-joining of
order twov is either the product measurex 1 or a measure defined by A x B) = u(ANS—'B)
for some measurable transformati6hcommuting withl".

Again, we shall here use “simplicity” for “simplicity of order two”.

Theorem 6.1. There exist uncountably many weakly mixing, simple, rigid three-interval exchange
transformations.

Proof
Build a three-interval exchange transformation such that, for ekeny, is at least2*m,;, and
ar = (my + ng)ax_1 + 1. There are uncountably many ways to build such a system: for example,
choose ., = +1forall k, by = ag+1 (by selecting a suitable trianglé— D for the parameters),
choose for alk m;, = a;_» + 2 and some;, > 2*m,,; the required value of,, follows then from
the facts thab,_; = a;,_; + 1 andc,_; = ap_1 — ar_o.

Thus the stacks B, andrC), have measure at mast®. The systeni.X, T, i) is then ofrank one
as the sequence of stackd, generate the whole space, see for example [F] for precise definitions.
The formula

Ay = AP Cp BT A

together with those giving, andC}, defines the system up to measure-theoretic isomorphism.

We define the rank one systgnt’, 7", i) by the formula

I / ng—1 cp—1+bg—1(mr—1) 7/
Ay = (A )™ s A1

starting fromA;, = A,. We build a measure-theoretic isomorphic between’’, ;) and( X', 7", i'),
by sending theg-th level of 7 A to thej-th level of thek-th stackr A; for 7": it is consistent by
construction, and is defined almost everywhere because the total proportion ofsl€tsgprscers”)
in A}, and the total porportion of word8;_; andC_; in A, are general terms of a convergent
series.

In the same way, the rank one systért’, 7', ") defined by the formula

Af = (Af_) ™ s(Ay )™
is measure-theoretically isomorphic (&, 7', 1) and (X', 7”7, ii); and this last system is weakly-

mixing, rigid and simple exactly in the same way as del Junco - Rudolph’s map in [dJ-R1] (which
has the same definition, but with, andm,, both replaced bg*). QED

Note that there are many other possible families of parameters giving weakly mixing, simple and
rigid three-interval exchange transformations: all what is needed to reproduce the above reasoning
is thatn,, is much bigger tham, and thatc,_1 + by (my — 1) = prax_1 + 1 for an integempy.

By modifying slightly the reasoning of [dJ-R1], we can get the same result while weakening this
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condition toc, 1 + bg_1(mx — 1) = prar_1 + qx, Whereg, is a bounded integer, provided that a
condition on they, = (nx + pr)akx—1 + qx €nsures weak mixing, for exampje — ¢, = £1 or

qr — 2qx—1 + q—o = £1 for all k. Similar formulas ensure the same results if we cheegenuch
bigger thany.

However, we have only a small class of simple rigid maps to show, and thus we are quite far from
a positive answer to Veech’s question; the structure of maps in our class is always similar to the
one of del Junco-Rudolph’s map. As for del Junco-Rudolph’s map itself, we do not know whether
it is actually measure-theoretically isomorphic to a three-interval exchange transformation, as the
2% in the defining formula do not grow fast enough to allow us to prove it.

7. UBIQUITY OF THREE-INTERVAL EXCHANGE TRANSFORMATIONS

The fact that a version of the well-known del Junco-Rudolph’s map is indeed a three-interval
exchange transformation was completely unexpected, and even unsuspected. Another abstract
construction which is apparently not connected with interval exchange transformatietekss
rank one transformationdescribed in [G]): this is in fact a family of rank one systems, each one
being described by the recursion formula

Wi = (Wi—18)PE (Wi—1)P*

for a given sequenc@y) going to infinity fast enough.

The same reasoning as in Case 2 of Theorem 5.1 above proves the following result, which was
noticed some time ago by one of the authors (in answer to a question of Mhcegkd but did
not appear in print:

Proposition 7.1. For any sequencép,) going to infinity, the corresponding Katok’s map is rigid.

Indeed, the abstract structure of Katok’s map seems to be widely spread among rigid three-
interval exchange transformations; in particular

Proposition 7.2. If (p) is a sequence of integers growing fast enough, the corresponding Katok’s
map is measure-theoretically isomorphic to a three-interval exchange transformation.

Proof
Let W, be the initial word of the rank-one mag, andh,, the length ofiv,,, and suppose
+oo
Py
=1 Dk

We build a three-interval exchange transformatiodefined by a word3, of lengthi, and word
Ay of lengthhg + 1 (this is possible by selecting a particular triangle! D for the parameters),
and then inductively byk-i—l =41, mp=pr—1— b1+ Cp_1, g = pr+ 1+ bp_1 — Cp_1

Thus we havey, = h;, + 1, b, = hy, forall k, andb,,_1 — ¢i._1 = h_o for k > 2.

We modify 7" into T} by changing all the letters of eac}), and the last letter of each; into
spacerss (remember thatd, deprived of its last letter is jusB,). 77 is measure-theoretically
isomorphic tal’ in the same way as in the proof of Theorem 6.1 (we have just changed a small part
of A to a spacer), and is a rank-one map given by the formulas

Bl,c = (31;—15)%_15%_1(B;c—l)mk~
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And now, still with the same method of proof, bdthand7; are measure-theoretically isomorphic
to the transformatiofi;, defined by

Bl/c/ _ (Bllglflsy)k gCh—1hk—2(1+bk—1) (Bl/cLl)mk-

QED

The firstinterest of Katok’s maps resides in the particular properties, shown by Katok and written
in [G], of a specific self-joining, the Cartesian squéfex T, i x p); among all transformations,
this was the first known Cartesian square to be Loosely Bernoulli (other ones are built in [G]), and,
up to this date, the only known Cartesian square to have a spectrum of finite multiplicity (namely, at
most four), both these phenomena occurring whengyves large compared th,_, thus, in view
of the previous result, for maps which are indeed three-interval exchange transformations. These
properties both come from the stronger notiodaxfal rank one which is used unknowingly in
[G], and for which we refer the reader to [F]. And in fact these properties are shared by many other
three-interval exchange transformations:

Proposition 7.3. If a three-interval exchange transformati@his such that, on an infinite set b6f
MEtNe 4 5o and% < %f < K, then its Cartesian squar@” x T, u x p) has local rank one,

ak—1

hence is Loosely Bernoulli, and has a spectrum with multiplicity at mbst K + .

Proof
Then we can reproduce the proof in [G]: fok é&arge enough, we can consider the stacKfor T',
of basisFFA,_, x FB,_; and of heighta;_1b,_1; it can be used to approximate every partition
on a proportiorp of the space close t@%. This implies local rank one, the Loose Bernoulli

property, and spectral multiplicity bounded [%3} QED

Question 7.1.1s Katok’s map simple?

This question seems difficult, but an answer (positive or negative) would certainly be a substan-
tive step towards Veech'’s question.
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