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1. The distribution of values of the Euler totient function ¢(n) has been
investigated from various points of view (c¢f. [7], [4], [2] ) . In this paper, we
shall study the asymptotic behaviour of the number N () of those pos1t1ve
integers n which satisfy p(n) <z . :

The best result up-to-date is the followmg

Theorem (Bateman 1972, [1]). For every constant ¢ < 1/v/2 ,
N(z) = A ¢+ O (z e~(logs loglogz)'/?) 1)

where A = %ﬁl [LA+ ;5-5)-

Bateman’s proof is analytlc. 1t starts from Perron’s integral formula and
uses a simple estimate of |((s)| in the strip 0 < R(s) < 1 . As for every
result involving only natural numbers and the elementary funcgions of real
analysis, one may ask for a proof using only these elements, and neither
complex variables nor Fourier analysis.

The first step in this direction is due to Dressler (¢f. [3] ), who proved by
elementary means in 1970 that N(z) ~ Az . In 1984, Nicolas obtained the
elementary error term O(z/logz) (¢f. [6]). His starting point is the study
of the weighted sum Z(P(n)sx log o(n) and lends itself to generalization.

The idea is to estimate the sum qu(n)<x log® ©(n) in order to get the error
term O(z(log z)~*) in (2).

This generalization has been studied, and completely worked out for
k = 2, by the second author (cf. [8]). Nevertheless, the computations
are so intricate that a new approach is needed to go further. During the

conference, we presented an elementary proof of a result slightly weaker
than (1), namely

N(z) = A z + O(z e~0o&)""), (2)
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where cg is some constant (positive, absolute and computable).

After our talk, G. Tenenbaum convinced us that obtaining Bateman’s
result by our method would demand only a few more lines of computation.
As it seldom occurs that an elementary result reaches the degree of accuracy
of the best known analytic one, we will follow Tenenbaum’s advice and
present a proof of (1) by elementary means.

2. Our starting point is the idea of Dressler. In his proof of N(z) ~ Az,
he approximated the Euler function by the truncated function

1
e(n,y)=n H(1—~), y> 2.
rln P
P<y

Denote by N(z,y) the number of positive integers n such that ¢(n,y) <
z. We first give simple inequalities involving N(z) and N(z,y) .

Lemma 1. If ¢ is large enough and y > 3logz , then

N(z,y) < N(z) < N(z(1 -

y%fr%w. 3)

Proof: The first inequality follows from ¢(n,y) > ¢(n). For the second
one, observe that the number w(n) of prime divisors of n satisfies w(n) <
logn/log2 < 2logn and that (1= v)* > 1—avife>1land 0 < v < 1.
Hence

e(n) =p(n,y) [J(1- %)

pln
P>y

' 1
> p(n,y)(1 - 5)“’(")

2logn

> So(n: y)(l -

)-

If p(n) < z , the classical inequality ¢(n) > n(loglog n)~! shows that
n L z(loglogz) and

3logz
z > p(n) > p(n,y)(1 - 5

)

if z is large enough.
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3. In order to estimate N(z,y) , one writes n = ab where, here and
throughout this paper, a (resp. b) denotes a generic positive integer whose
prime divisors p all satisfy p <y (resp. p > y) . One has p(n,y) = ¢(a)b.
Since b =1 or b > y , one gets -

Ny = Y 1+ > oo (4)

e(a)<z p(a)<z/y 1<b<z/p(a)

> >, 1400 Y 1.

p(a)<zfy 1<b<z/p(a) v(a)<z
The estimation of these sums depends on the following three lemmas.
Lemma 2. Suppose y and k are real numbers so that y > 2 and 0 < k <
tlogy . Put o =1—k/logy. Then
Y p(a)™7 < logy e,

Proof: The sum ) ¢(a)~? equals the Euler product

1 1
[Ja+g 1)‘,(+ o)

p<y
1 1 1
=0+ o= - O+ S+ o+ 0)
p<y p p<y P P
<<ezr$vp-v since o > %

Now, since the function (e* — 1)/t increases with ¢ > 0, we have

Z p %= Z p—l + Z(pl—-a — l)p—l

p<y p<y p<y
<Y P (e - D)(logy)t D ptlogp
p<y pLy

< loglogy + O(e*),

and the Lemma follows.
Lemma 3. Suppose > y > 2 are real numbers and let u = log z/log y.
Then
Z 1<zlogy e—ulogu+0(u),
p(a)<z
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provided that u < y/3

Proof: This is a typical application of the by now classical Rankin method.
We have, for every positive o,

Z 1<z’ Z(p(a)_”.
e(a)<z a

Choosing ¢ = 1 — logu/logy and using Lemma 2 gives the result.

Lemma 4. With the notations of Lemma 3 one has for every positive €

Si=z]J0- 11—))(1 + O (e~ (1mulopuy)

b<z r<y

provided that logy > \/logz (i.e. u <logy).

Proof: Although not stated explicitly by Halberstam and Richert, this is
an easy consequence of their proof of the Fundamental Lemma of Brun’s
Sieve given in [5], pp. 82-83.

4. We now come back to (4). Suppose that z is large enough and that

logy > /logz . Let € be a positive real number. By Lemma 3, the error
term in (4) is O((zlogy e—(1-€u loguy
Moreover, by Lemma 4

> X1 (5)
w(a)<z/y 1<b<z/p(a)

=2 H(l - %) Z L(l + Oe(e—(l-—e)ua logu,,))’

P<y o(yzety $(9)

where u, = log(z/¢(a))/logy.
The contribution of the main terms in (5) amounts to

1 1 1
xH(l—E)(Z@— 2 ;@)' ®)

r<y a w(a)>zfy

By Rankin’s method,

1 . 1 i
2 o@ = V° Zazw(a)l“’ (>0).

p(a)>zfy
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With ¢ = log u/logy this is , by Lemma 2,
& we—¥logu logy eO(u)
re logy e-—(l—e)u]ogu-
Thus (6) can be written as
IH(1+ )+O (a:e_(l e)ulogu)
r<y )
We now turn to the contribution of the error term in (5). Observe that

ulogu — uglogu, = / (logv + 1)dv

< (logu + 1)l°g wla),

log y
Hence

Z Lp(a)—le—(l—e)u., logu,

p(a)<i

< e—(1—ulogu Z go(a)—1+—°1§;;—;l,'—

a
< logy e~ (1-2e)ulogu by Lemma 2.
We summarize these computations in a Lemma.
Lemma 5. Suppose £ > y > eV'°6% and z large enough. Then
1
N(z,y)== H( + o=
Py
for every positive €, where u = log 2/ log y.

))+O(:1:logye (1- e)u]ogu)

5. We are now in a position to use Lemma 1. First, we observe that
[loe, (1 + p(p_1—15) =A+ O(%) . Then, if « is large enough, y > 4logz and
logy > [log(=(1 - ﬁfﬂ)‘l)]l/2 Lemmas 1 and 5 give

N(z)= A z40(z y~'logz) + Oz logy e~ (1-ulogny,
We choose y = e\/m . so that

1
ulogu = (14 0(1))4/ Elogz loglog z,

and this completes the proof of (1).

In conclusion, let us point out that the prime number theorem is not
required in our proof (neither in Bateman’s proof, by the way). This is in

contrast to [6] and [8], where the prime number theorem with remainder
term is an essential tool.
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