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ABSTRACT. Given a substitution o on d letters, we define its k-dimensional extension, Ex(c),
for 0 < k < d. The k-dimensional extension acts on the set of k-dimensional faces of unit
cubes in R¢ with integer vertices. The extensions of a substitution satisfy a commutation
relation with the natural boundary operator: the boundary of the image is the image of the
boundary. We say that a substitution is unimodular (resp. hyperbolic) if the matrix associated
to the substitution by abelianization is unimodular (resp. hyperbolic). In the case where the
substitution is unimodular, we also define dual substitutions which satisfy a similar coboundary
condition. We use these constructions to build self-similar sets on the expanding and contracting
space for an hyperbolic substitution.

0. Introduction and statement of results

Let o be a substitution on the alphabet W = {1,2,...,d}. We denote by A, the linear map
on Z% obtained from o by abelianization.

For any given point x € Z¢ it is natural to associate to each word in W* a broken path
starting in x (associate to the letter 7 the unit segment from x to x + e;, where (eq,...,eq) is
the canonical basis of Z%, and extend by continuity). We can then define a map F;(c) on the
set of paths, replacing letter ¢ by the word o(i). Care must be taken of the initial point x, and
it is easily computed that the correct definition is given by (x,17) — (A, (x), (7)) (see section 2
for the formal definition). The map Ej(¢) acts in a natural way on the space of formal sums of
weighted unit segments.

In this paper, we will define higher dimensional extensions Fj (o) of o, acting on formal sums
of weighted k-dimensional faces of unit cubes with vertices in Z%. In the case the substitution
is unimodular, that is, A, is an invertible map of Z<, or has determinant +1 or —1, we will also
define the dual maps I} (o), and give explicit formulas. We will prove that these maps commute
with the natural boundary morphisms, and establish some basic properties.

Before stating definitions and results, we wish to give some motivations, since the aim of this
work is to set a framework allowing to understand more deeply and generalize previous results.

0.1. The Rauzy substitution. In the paper [Rauzy], we can find a curious compact domain
X,, called the Rauzy fractal. The domain is constructed in the following manner.
1
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Let o be the Rauzy substitution on three letters defined by:

c: 1 —12
2 =13
3 — 1
Let w = (w1, ..., w,,...) be the fixed point of this substitution, A, be the linear map associated

with ¢ by abelianization, P be the contractive invariant plane of A,, and 7 : R® — P be the
projection along the eigenvector corresponding to the maximum eigenvalue A for A4,.

The domain X, with fractal boundary is obtained as the closure of the set

{ﬂZewkM:l,Q,...},
k=1

where {e|,e;, e3} is the canonical basis of R®. This domain is not only interesting in the
viewpoint of fractal geometry, but also in the sense of ergodic theory and number theory. In
fact, two dynamical systems, a Markov endomorphism with the structure matrix A, and a
quasi-periodic motion, act on the domain X,, and Rauzy proved that this second dynamical
system is measurably conjugate by a continuous map to the dynamical system associated to the
substitution o, See [Rauzy],[lto-Kimura],[lto-Ohtsuki], and [Messaoudi].

To study the structure of the domain X, one of the authors, motivated by dynamical consid-
erations, introduced a mapping F7 (o) on the set Gy, the Z-module denoted by

g = { doomA | nyeZ,H{he Aflny # 0} < ‘|‘OO}

\EAT
and Af = Z3 x {1*,2%,3*} (This set should be interpreted geometrically as the set of formal
sums of weighted faces, ¢* being the unit face orthogonal to the segment of direction e; and (x, ")
being the corresponding unit face with lower vertex at x + e;, so that, for example, (—eq, 1*) is
the unit face built on ey, es at the origin). The mapping F; (o) is defined by:

Fi(o):(—e1,1") — (—e3,17) 4+ (—e3,2%) + (—e3,37),
(—e2,2%) = (—ey, 17),
(—es,37) = (—ez,27),

and similar formulae for other (x, ).

L} (o) I ’ L} (o) E} (o) i ’
— A — —

(_elv 1*) (_e272*) (_e373*)

FiGure 1. The map I (o) for Rauzy substitution

He proved that, if one considers the element (x,1*) as the unit square with sides e3, es with
lower vertex in x + eq, and similarly for the elements (x,2*), (x,3*), then the sequence of sets
Al (7 (EY(0)" ((—e1, 1) + (—e2,2%) + (—e3, 3%)))) converges to the opposite — X, of the set X,
defined above.
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Moreover, to study the boundary of this set, a mapping F3 (o) which satisfies the following
commutative diagram was introduced in [Ito-Kimura] and [Ito-Ohtsuki] :

« Efo) .
e N 1
5 )
; E*—cr>) g§7

where G5 is the space of formal sums of weighted edges, and ¢ is the canonical boundary map. We
call this mapping E3 (o) the boundary endomorphism of Ef(c). The boundary endomorphism
F3(0) corresponds to the endomorphism on the free group of rank 3 which produces the boundary
of fractile discussed by Dekking in [Dekl], [Dek2]. Using this mapping F3 (o), the Hausdorff
dimension of the boundary of X, is computed in [Ito-Kimura].

Recently, Arnoux and Ito showed that for any Pisot substitution & on d letters, that is, o
is unimodular and A, has all eigenvalues, except one, of modulus strictly smaller than one, a
compact domain X, with fractal boundary can be similarly constructed, using the following
mapping E7(o) on Gi:

Eio)x) = > (A7 (x=£(PY)),i7),

0,5 W) =5

where Péj) is the prefix of length n — 1 of o(j), see [Arn-Ito].

In this paper, we show how to generalize this construction in any dimension, defining the map
E% (o) under suitable hypotheses.

0.2. Geometric models for substitutions. We can associate to any substitution ¢ a map
Fi(c) on 1 dimensional broken paths in R?, as explained above; it is immediately checked that
the image by this map of a closed path is a closed path. One can then ask whether one could
define a map on faces, which sends a face with boundary + to a union of faces with boundary
o(vy) (See figure 2.3 for the example of Rauzy substitution).

In this paper, we introduce the higher dimensional mapping Fy(o) called 2-dimensional ex-
tension of ¢ which solves this problem. It is defined on the set

AGAQ

Gy = { Z naA | ny € Z{A € Aglny £ 0} < —I-oo}

where Ay := Z% x {inj|1<i<j<d} (oneshould think of Gy as the set of formal sums of
weighted 2-dimensional faces). In fact, we will solve the problem in all dimensions, see theorem
2.1.

We will show that the mapping I] (o) (resp. £5(0)) defined above is the dual, in the ordinary
sense, of the linear mapping Fi (o) (resp.F3(0)), showing that the definition, which seems com-
plicated, is in fact natural; these dual maps also satisfy commutation relation with a suitably
defined coboundary operator, see theorem 3.1.

0.3. The theorem of EI. In the paper [Ei-Ito], it is proved that a substitution on two letters
1,2 is invertible, that is, it extends to an automorphisms of the free group on two elements, if
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and only the words ¢(12) and o(21), which have the same length, differ only in two consecutive
indices, where one word contains 12 and the other 21. Graphically, this means that the paths
associated as above to 0(12) and ¢(21) differ only on the boundary of a unit square.

We can rephrase it as saying that the substitution o is invertible if and only if the mapping
Fy(o) defined below sends a square exactly to a square (with opposite orientation if the deter-
minant of the substitution is -1); it is tempting to ask whether this result can be generalized to
more letters, and we will provide a partial answer below.

0.4. Structure of the paper. In section 1, we fix notations, define the spaces Gy of formal
sums of weighted k-dimensional faces and their dual spaces G;, and define the boundary and
coboundary operators. We also define an isomorphism ¢ between G; and G,_j, similar to
Poincaré duality, which allows in suitable cases to give a geometric meaning to elements of G;.

In section 2, we define the main object of this paper, the k-dimensional extension Fy(o) of
a substitution o,and we show that the k-dimensional extensions satisfy a commutation relation
with the boundary operator (theorem 2.1); this theorem solves the problem given in section 0.2.
In section 3, we show that, under suitable hypothesis (namely, the matrix A, has determinant
one), we can compute explicitly the dual map £} (o) of (o), and that these maps also satisfy
a commutation relation with the coboundary operator.

In section 4, we show that, in the case of hyperbolic substitutions (when A, has no eigenvalue
of modulus 1), we can use this construction to define, by iteration and renormalization, a self
similar set in the stable space and in the unstable space; in the particular case of so-called Pisot
substitutions, this can be used to build a geometric model for the dynamical system associated
to the substitution, and a Markov partition for the toral automorphism A,. This allows us to
generalize the construction of the Rauzy fractal. In section 5, we give a weak generalisation of
the theorem of Ei: a substitution on d letters gives rise to an automorphism of the free group
only if its top-dimensional extension associates a cube to a cube.

In the final two sections, we give a few explicit examples, and raise some open questions and
possible generalizations.

A final remark: the definition of the upper-dimensional extensions is more or less natural
from the statement of the problem it solves; the reason why we consider the dual maps is much
less clear at first sight. We can give two main motivations:

First of all, the dynamical system associated to a substitution on the alphabet W has very
specific property: it is a self-induced system; more specifically, it is a system 7 : X — X,
together with a generating partition {X;]i € W}, and a subset A with partition {A;]i € W},
such that the induced map T4 of T on A is conjugate to T, and, for any point x € A, the
symbolic dynamics of  under 7" with respect to the X; is obtained from the symbolic dynamics
of x under T4 with respect to the A; by applying the substitution ¢. Rauzy had first the idea
to generate such a system by an“exduction” process, that is, starting with an arbitrary system,
and building a larger systems from which it comes by induction, the symbolic dynamics with
respect to suitable partitions being related by the given substitution. If one can, by a suitable
renormalization, obtain convergence to a self-induced dynamical system, one obtains a geometric
model for the substitution. Rauzy was able to build this for specific examples, and later the
third author of this paper gave a general formula to build the “exduction”; it turns out that
this formula is exactly the dual map of the one-dimensional extension.
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Second, it is easy to prove that, for an hyperbolic substitution with unstable space of di-
mension k, the iterates of a k-dimensional face by Ej(o) stay within bounded distance of the
unstable space. We can thus obtain a discrete approximation of the stable space. To approx-
imate the stable space, it would be natural to study the inverse map of Ey(c). However, the
k-dimensional extension is not invertible in general; but the dual map is always defined, and
can replace the inverse map. One can check below that, in the case of unimodular substitutions,
the map Ep(o) is unitary with repect to the natural quadratic form on Gy, so that in that case
the dual and inverse maps are isomorphic (this is also the case for A,); this does not hold in
the higher dimensional case, but then the non-existant inverse map can be replaced by the dual
map.

Acknowledgement. We thank the anonymous referee for his many useful comments.

1. Framework and notations

1.1. The substitution. We consider an alphabet W = {1,2,...,d}. The free monoid on W,
or the set of finite words on W is denoted by W* = Jo2 {1,2,...,d}".

A substitution ¢ on W* is a non-erasing morphism of the free monoid. It is completely
defined by its value on the letters, that is, by a map from W to W* which takes each letter
to a non empty word, and extends in a natural way to an endomorphism on W* by the rule
a(U)a(V) = a(UV), for U,V € W*. It also extends to a map on the set W' of infinite sequences
with value in W, and to an homomorphism on the free group on W.

Notations 1.1. In the sequel, we take the following notations
o(i)y =W =w ...l
where l; is called the length of o(i). We also write

o(i) =W = piw sl

where Py) = Wl(i) - W:_)l is the prefiz of length n—1 of the word W) (empty word for n = 1),

and Sff) = W:_gl x -Wl(;) is the suffiz of length I; — n of W (empty word for n = 1;).

Let {ej,...,eq} be the canonical basis of Z?. We will denote by f the natural homomorphism
(abelianization) from W* to Z<¢ given by f(i) = e; for all symbols i € W. For any finite word
W e W* f(W)="x1,...,24), where a; is the number of occurrences of the letter 7 in W.

There exists a unique linear transformation A, satisfying the following commutative diagram:

we s W
fl LS

74 — 74

o

Remark that the matrix of A,, as a linear map on Z¢, is by construction a positive matrix.
This is the difference between substitutions and the general case of endomorphisms of free groups;
most of what we do could in fact be extended to such an endomorphism.
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1.2. Faces of dimension k and boundary morphisms. We define the symbolic sets Ay by
AO = {.}
and

Ak::{il/\ig/\---/\ik|1§i1<i2"'<ik§d} for 1 <k <d.

Let Ag (0 < k < d) be the following product spaces:
Ak = Zd X Ak.

One should think of an element (x,i1 A --- A ) of Ay as the face of dimension k, along unit
vectors e;,, ..., e;,, of the unit cube at the origin in R? translated by x € Z¢, and of an element
(x, ®) of Ag as the point x € Z<.

Definition 1.1. We denote by Gy the free Z-module with as generators the elements of Ay:

gk = Z n/\/\ | nAEZ7ﬁ{/\€Ak|nA7AO}<+OO
AEAL

We think of Gi as the space of formal finite sums of weighted faces, with weight in Z.

The element (x, i3 A -+ A i) has been defined only in the case where iy < iy < --- < i;. We
will take advantage of the notation to define it in the general case, by (x,i; A ---Adg) = 0 if
in = iy for some n # m, and (X, i)\ Atr(p)) = €(T)(X, i1 A+ - Atg) otherwise, where €(7) is
the signature of the permutation 7 of {1,...,k}, so that we recover antisymmetry of the wedge
product; for example, (x,i; A ig) = —(x, i3 Ad1).

We will say that an element of G is geometric if all its non-zero coefficients are +1 or —1.
The simplest geometric elements are the elements of Ax. To an element (x, i3 A ---Adg), we can
associate its geometric realization, that is, the set {x+t1e;, +---+13e;, |0 < ¢, <1,1<n <k}
together with the orientation given by the basis e;,...e; . For an arbitrary geometric element
> aeA, MAA, we define its geometric realization as the union of the geometric realizations of the
elements A such that ny # 0. In particular, the geometric realization of 0 is the empty set.

Since it should not lead to confusion, we will denote a geometric element and its realization
in the same way.

(x,1) —(x,1) (x,1A2) —(x,1A2) (x,1A2A3)

Ficure 2. Examples of faces with 3 letters

We can now define boundary maps:



HIGHER DIMENSIONAL EXTENSIONS OF SUBSTITUTIONS 7

Definition 1.2. The boundary maps 8y : G — Gr—1 (1 < k < d) are defined on basis vectors
by:

k
Sp(x, i A Adg) = D (D)™ {(%, 0 A Aty A Ady)

n=1

—(xFei, it A Al AN ig)},

where as usual, il/\---/\i;/\---/\ik:ilA---Ain_lAinH/\---Aik and in the case k = 1, we
put 1 = e,

In particular, 6, is given by: §1(x,1) = —(x, ) + (x + €;, ).

We extend d; to all of G by linearity; it is straightforward to check that the boundary maps
satisfy the usual relations é;_1 o8 = 0.

1.3. Duality. One can define in the obvious manner a dual space; since we are in an infinite-
dimensional Z-module, this defines a complicated space, and we will restrict ourself to the set
of dual maps with finite support. We will denote this set by G;; it has a natural basis, and we
will denote by (x, ¢ A ---At}) the dual vector of (x,23 A -+ A tg).

Defining the sets A} by Ay :={ifASA--- A |1 <4 <idg---<ip <d}forl <k <dand
= 74 x A}, we see that G} is the free Z-module generated by the elements of A}.

We will write () the natural product between Gy and its dual, that is, for an element F' of Gy
and ¢ of the dual, we define (F, ¢) = ¢(F).

We can get the formula of dual boundary maps ¢} from G; to g,jH:

Proposition 1.1. The dual boundary maps 67 : G;_; — G (1 <k < d) are given as follows:

d—k+1
O, ii A A = Y (DTG A A L NG AT gy A AR
n=1
— (X e A NG NG AT A A )
where {j1, j2s - Ja—kt1} = W\{in, o, ign ), with @ < oo <ty 1 < oor < Ja—gyr, and
ipen < Jn < ij—nt1. In the case k =1, we put {8} := ), hence 07 is given by
d
5,07 = 3 {(x — i) — (x,7)}
=1

Proof. This is simple computation using the fact that, by definition, we have
< 5Z(X7iTA ”‘/\i};—l)v (Y7j1/\ /\]k) >=< (XviTA "'/\i};—l)v(sk(}’mjl/\ /\]k) >

The only non-trivial part is the fact that 7;,_, < j, < %;,—n+1. Recall that the finite se-

quences (i1,...,%—1) and (j1,...,Jjd—k+1) are increasing, and complementary of each other in
{1,2,...,d}. Consider the set {1,2,...,7, — 1}; by definition, it contains j, — 1 elements, and
among these, n — 1 elements belong to (ji,...,Jn—1). Hence, the remaining j, — n elements

belong to (iy,...,¢k_1), which proves that ¢;,_,, < j, < ¢, _p41. O
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It is easily computed that A} and A;_j have the same cardinal, and we can use this to define
linear isomorphisms between G} and G4_:

Definition 1.3. For 0 < k < d, we define maps ¢y, from G} to Gq_j by:
@k(xv flﬂ ARRERA Z};) = (_1)i1+mik (X +te, + -+ eikvjl AREE /\jd—k)v

where {iy,...ix} and {j1,...Ja—r} form a partition of {1,2,...,d}, with iy < --- < ig, j1 <
oo < Ja—g. In the case k =0, we put (=1)* :=1, e, := 0, and {8} := 0, hence ¢q is given by

wo(x,0%) == (X, 1A2A---Ad).

The map ¢y is one-to-one. It is possible to define as above geometric elements in the dual,
and one can check that ¢ sends a geometric element of the dual to a geometric element. We can
thus define the geometric realization of a geometric dual element; as above, we will not make a
difference between an element and its geometric realization.

A straightforward computation, left to the reader, shows that the duality isomorphisms con-
jugate boundary and coboundary:

Proposition 1.2. The dual boundary maps & : G;_; — G; (1 < k < d) satisfy the equality:

Ok 00 = 0d—g41 0 Pr—1-

2. Definition of higher dimensional extensions and commutation with the
boundary operators

2.1. Definition of Fy(c) and F;(c). The unique linear map A, on Z% that commutes with
the abelianization extends in a natural way to a map Fg(o) on Gy by Eo(0)(x, ) := (A, (x), e).

We want to define a map on G;. It suffices to define it on basis elements (x,¢), and to extend
by linearity. Recall the informal motivation given at the beginning of the paper: to the basis
element (x, ¢) we associate a unit segment along vector e; starting at x. We want to define I/ (o)
in such a way that it sends (x,¢), to some path associated to the word & (7). For the image of a
continuous path associated to ¢j to be a continuous path, we need also to act on the origin of

the segment, which leads, on the notation o(7) = Rgi)Wéi)SS), to the following definition:

Definition 2.1. The map E1(0) is the unique linear map on Gy defined by:

l;
Bi(o) (1) = 32 (A (0 + F(P), WD)

It is easy to check that the image of a geometric element corresponding to a path from x to
y is a path from A, (x) to A,(y). This is a geometric way to visualize the abelianization map.
In particular, taking negative signs to take into account the orientation, we can consider closed
paths, whose images will again be closed paths.

An other remark is that we can extend Fj(0) to elements with infinite support, in particular
to infinite paths. If we consider an infinite sequence which is a fixed point of the substitution,
the corresponding path from the origin is fixed by Ei(o). This can be a interesting way to
represent this fixed sequence.
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2.2. Definition of Ej(0). We want now to define linear maps Ej(c) on Gi, for all k. By
linearity, it is enough to define them on basis elements, and the following definition encompasses
the previous one for Fy(0).

Definition 2.2. We define the higher dimensional extension of dimension k of o, denoted by
Ey(o), for 1 <k <d, by:

— (AU(X)_|_f(p(i1))_|_..._|_f(P7§ik))7W7gil)/\.../\Wéik))

ni

where we use the antisymmetry of the wedge product: (y,ji A --- A jx) = 0 if there exists | #m
such that ji = j,, and otherwise, (y,j-(1y A+ A Jrry) = (7)Y, J1 A= A Jk)-

2.3. Commutation with the boundary operator. We will show in this section that the
maps defined above solve one of the questions of the introduction. Namely, the image of the
boundary of a k-dimensional face is the boundary of the image of this face, that is, the maps
Fi(0) commute with the boundary operators.

Theorem 2.1. The following commutative diagram holds:

Eq(q)

Ga — Ga
o B ¥
Eq (o
Ga1 =1 Ga1
dq—1 l \J Od—1
g1 k) g1
o 4 U
Go le) Go-
Proof. We need to show the relation
O o Fr(o)(x,ta Nig Ao+ Nig) = Eip1(0) 0 0 (x, 00 Aig A+ Ady) (2.1)

For k =1, it is easily checked; in that case, it just means that the image of a path from x to
y is a path from A,(x) to A,(y), which was the initial purpose of the definition of £ (c). We
will prove the relation for k = 2, leaving the general case to the reader.

The right hand side of the relation is given by
E1 (O') O 52(X7 il A 22)
= Ei(0)(x,11) = Ex(0)(x 4 €y, i) — E1(0) (X, iz) + E1(0)(x+ €y, 12)

Ly . . . .
=3 (A0 + SR W) = (At )+ £, W)
k=1

!
-2 (AC’ (x) + f(Plglé))v ngm) - (Acr(x + e, ) + f(PISZé))v W;im)

02
k=1
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The left hand side of the relation is given by

52 o EQ(O’) (X7 il A 22)

= 303 [(A0 ) AP 4 e )
— (A0 + FED) 4+ £ 4 p v ), W]
- [(Ag(x) +f(P) + f(P;SQ))vW;y?))

= (Aa )+ S+ F ) 4 v ), W)

Since we have, for 1 < k < [;,, f(P,giQ)) + f(W,gZZ))) = f(P,gfi) by definition, we see that,
in the first sum, for fixed j, all terms except the first and last cancel in pairs; since we have

f(Pl(;;)) + f(Wl(,'Z;)) = f(o(i2)) = As(es,), the first sum reduces to

li

) (Ag (X) + f(P],(il))7 W],(il)) — (AU (x + ei2) + f(Pj(il))7 W](i1)) ]

J=1

A similar argument for the second sum, fixing k& and varying j, proves both sides of the relation
2.1 are equal. O

The first non-trivial example is given by the Rauzy substitution, see figure 2.3.

3. Dual maps for unimodular substitutions, and coboundary

3.1. The dual map. Since Fy(co) are linear maps, we can define their dual maps on the dual
spaces of G,. For an element I’ of G, and ¢ of the dual, the dual map is defined by the relation

(F, Ef(0)¢) = (Ex(0) F, ).

Note that, if A, is not one-to-one, there can be infinitely many elements of A, whose image

contain a given element, since the equation A,(y) + f(PéJ)) = x can have infinitely many
solutions. Hence, in general, the space of dual elements with finite support is not invariant by

E(o).

If however the map A, is one-to-one, this argument proves that the space G} of elements with
finite support is invariant by I;(¢), and it makes sense to compute explicitly this map for the
canonical basis.

3.2. Explicit computation of the dual map: the unimodularity condition. A substitu-
tion is said to be unimodular if its abelianization A, has determinant +1 or —1.
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e B | | g
(0 (0,3)

72)

£t [ I yﬁ

=7

(0,1A2) (0,1A3) (0,2A3)

ae

F1Gure 3. The figure of Fy(o), k = 1,2 and the commutation with boundary

for Rauzy substitution

To compute the image of a basis element of the dual, we must calculate its value on a basis
element of Gy, which is given as follows:

<y, A Age) BR(o) (5 A A i) >
= < ER(o)(y, i A A )y (X, A A i) >

k
:Z < (ACT(Y) + Zf(Péip))qugil) A /\Wéik))v (XviTA /\Z};) >
p=1

The product takes value 0 except if one of the faces in the left-hand side corresponds to the dual
element on the right hand side, that is, if we can find indices n,, p=1,...,k such that:

k
Ao(y)+ 3 F(PIP) = x
p=1

and the face Wé{l) A A Wéff) is equal, up to orientation, to the face iy A---Atg; that is, there
exists a permutation 7 of {1,...,k} such thatforall 1 <[ <k

W = i),
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In that case, we have
k
< (Aoly) + 2B WG A= AWER), (e T -1 i) >= e(7)
p:

In general, this can lead to a complicated case study, since A, needs not be invertible on Z<. If
however the substitution is unimodular, A, can be inverted, and the computation above gives
an explicit formula for the dual.

Proposition 3.1. If the substitution o is unimodular, the mappings Ef(o) (1 < k < d) are
gwen on G by:

Er(o)(x,i1 A+ Aiy)
=3 > Y dn (AT (x =SB == FPE) A ) -

TES, 1<I<k W(Jl)
L)

=ir()

In the special case k = 0, the formula also makes sense, and it is worth to remark that £ (o)
is also the inverse of Fy(o), as was already noted at the end of the introduction. For k=1, we
obtain the simpler formula already given in the introduction:

Corollary 3.1. If the substitution o is unimodular, the mapping E5 (o) is given by:

Ei(o)(x,i)= > (A;1 (x - f(RS”)) J) :

0,5 W) =5

3.3. Commutation with coboundary. We get the following relation among dual mappings,
using the commutation relations proved in the previous section, and the property of a dual

mappping:

Theorem 3.1. The following commutative diagram holds:

EX(o
g 29 g
5l (N
E*(o
g 19 g
5 (>
Op-1 4 N it
* E3_1(0) *
i1 —  Yi,
5o L
E*(o
g 9 g

Proof. From Theorem 3.1, 0, 0 F(0) = Ex_1(0) 0 dx. Using the property of composition of dual
mappings, (¢ o 1)* =" 0 ¢*, we have I} (o) o d; =670 Ef_ (o). O

3.4. Geometric interpretation of dual mappings. Recall that we can identify dual spaces
G to G4, using isomorphisms ¢y, : G — G4, given by definition 1.3. If we conjugate dual
mappings Ef(c) on G; by these isomorphisms, we obtain mappings on G4_. A straightfor-
ward computation, using proposition 1.2, proves that these mappings commute with the usual
boundary morphism.
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wg £ Gl

(_elv 1*) (_e272*) (_e373*)
| ag 29 1 |, my
—(—61—6271*/\2*) 62—6372*/\3 61—6371*/\3 )
51
(_elv 1*)

%] | o

Y

FiGURE 4. The figures of E (o), k = 1,2 and the commutation with coboundary
for Rauzy substitution

An application of this property is the following: in some cases, we are interested in the
geometric set associated to F7 (o)™ (x,1*); in particular, we want to study its boundary, and this
is just the geometric set associated to F3(0)"(x,7*); this can give an easy way to study this
boundary, and in particular its dimension.

The figures 2.3 and 3.4 show, in the case of Rauzy substitution, the commutative relations

with the boundary map d; and the coboundary map 63; this answers the questions of sections
0.1 and 0.2.

4. Hyperbolic substitutions: Hausdorff convergence of renormalized iteration

Definition 4.1. A substitution is said to be hyperbolic if it is unimodular and its abelianization
A, has no eigenvalue of modulus 1.
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In that case, the space R"™ splits into a pair of invariant spaces: the stable space F,, where
the restriction of the map A, is strictly contracting for an appropriate norm, and the unstable
space I, where A, is strictly expanding; we will denote by 75 (resp. 7,) the projection on Fj
along F, (resp. on F, along Fj).

Let us consider an hyperbolic substitution, with an unstable space of dimension k. Remark
that, since A, is strictly expanding on F), it is one-to-one from F, to itself. Hence, without
any hypothesis, A1, as a linear map on the real vector space F,, is well defined (even if A, is
not invertible as a map on RY).

Theorem 4.1. Let o be an hyperbolic substitution, with an unstable space of dimension k. For
any k-dimensional face (x,i1 N -+ N\ iy), the sequence of compact subsets of F,:

X, = A" (7u (Fr(o)™ (X, 00 A+ - A g)))

converges in the sense of Hausdorff.

Proof. The main ingredient in the proof is the following lemma, whose proof is left to the reader:

Lemma 4.1. Let A, B,C, D be 4 compact sets in R%. The Hausdorff metric satisfies drn(AU
B,C' U D) <max(dy(A,C),dn(B, D)).

A simple computation shows that the Hausdorff distance between m,(x,i1 A ... A i) and
AN (mu(Er(o)(x, i1 A -+ Adx))) is bounded by a constant K independent of x, since the renor-
malization by A1 cancels the A, that occurs in the definition of E¢(c).

But we know, by hypothesis, that A;! is strictly contracting with ratio A < 1 for a suitable
norm. Using the lemma, we immediately obtain dy (X, X,+1) < KA". The distance decreases
exponentially fast, hence the sequence (X,,),en is a Cauchy sequence in the Hausdorff topology.
But it is well known that the space of compact subsets of R? is complete for the Hausdorff
topology. Hence the sequence (X,,),en converges. U

A similar theorem can be proved for the dual maps in the unimodular case:

Theorem 4.2. Let o be an unimodular hyperbolic substitution, with a stable space of dimension
d — k. For any k-dimensional dual face (x,15 A --- N1}), the sequence of compact subsets of F

Xy = Ag (75 (BE(0)" (3¢, () A -+ A 1))

converges in the sense of Hausdorff.

The proof is exactly similar to the preceding one, the only difference being that it is now A,,
and not A>1, that is contracting.

We can get deeper results in a special case: we say that a substitution is Pisot if it is uni-
modular and all its eigenvalues, except one, are of modulus strictly smaller than one.

In that case, the stable space is of codimension 1; the results above prove that the sets
X O = limy, o AZ(7,(E5(0)™(0, 7)) are well defined. However, although, for fixed n, the sets
7s(F7(0)"(0,4%) are disjoint, up to sets of measure 0, it is unclear that this property holds in
the limit. It works however under a technical condition:
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Definition 4.2. We say that the substitution o has immediate coincidence for all letters if, for
all pairs of letters i, j, there is an index k such that: W,gl) = W,gj) and f(P,gZ)) = f(P,gJ))

The geometric meaning of this condition is that, if one represents each word o(7) as a broken
path starting from 0, every two paths share at least one edge.

In the paper [Arn-Ito], it is proved that, under this hypothesis, the domains X are pairwise
disjoint sets up to sets of Lebesgue measure 0, and the following theorem is proved:

Theorem 4.3. Let 0 be a unimodular Pisot substitution satisfying the coincidence condition.
The dynamical system associated to the substitution is measurably conjugate by a continuous
map to a domain exchange defined on the sets X0,

5. Invertible substitution and top-dimensional extensions

In the maximal dimension, k& = d, there is only one type of face: the unit cube of dimension d.
The corresponding map Fy(o) associates to each unit cube a finite sum of weighted unit cubes,
and, abbreviating ' = 1A 2 A --- A d, can be expressed as I/4(0)(x,C) = >y czany (v, C).

A straightforward computation shows the following:

Proposition 5.1. For any substitution, the sum ) ycyany is equal to the determinant of the
map A,.

In particular, for a unimodular substitution, this sum is 4+1 or —1.

Definition 5.1. A substitution is said to be invertible if it extends to an automorphism of the
free group.

Invertible substitution on 2 letters are completely characterized, see [Wen-Wen| and [Mig-See];
in particular, they are sturmian, that is, they preserve sturmian words, or words of minimal
complexity.

It has been shown in [Ei-Ito] that a necessary and sufficient condition for o, on two letters,
to be invertible, is that the words o(ij) and o(ji) differ only in two consecutive places. If we
consider the boundary of the unit square at the origin, and take into account the boundary
relations, this exactly means that the substitution ¢ is invertible if and only if the image by
Fy(o) of a unit square is a unit square (with weight +1 or —1).

This result can be partially generalized in any dimension:

Proposition 5.2. Let o be an invertible substitution on d letters; if we denote E4(c)(x,C) by
Yyezany(y,C), we have 3=y cpalny| = 1.

Proof. We just remark that, from a straightforward computation, Eq(o7) = Ey(o)Eq(r). The
generators of the group of automorphisms of the free group are known (see [MakKaSo]), and it
is an easy exercice to check that the property is true for all the generators, hence for all the
automorphisms of the free group. O
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Another way to say it is that, if o is invertible, the image of a unit cube by Fy(o) is exactly
one cube (with positive or negative orientation).

For the end of this proof, we need to check that the definitions we gave for the substitutions
are still valid for homomorphisms of free groups, see the last section. A direct proof restricted
to substitutions would be much more difficult, since the structure of the monoid of invertible
substitutions seems to be quite complicated, except for two letters where it is completely known.

It would be interesting to know if this necessary condition is also sufficient.

6. Examples

Example 1. Let ¢ be the substitution

c: 1 —121
2 —12.

This is called Fibonacci substitution. The matrix A, and the inverse matrix A, ' are

21 [ 1 -1
Ag_[ll] and AU_[—l 2].

Then the linear mapping F;(c) and the dual mapping Ef (o) are given by

Fi(o): (0,1) — (0,1) 4 (e1,2) + (e1 + e3,1),
(0,2) — (0,1) + (ey, 2),
Ef(0): —(—ey,1") — —(—e1,1%) — (—e1 + e3,1%) — (—e1 + €3,27),
(—e2,2%) > (—e2,2") + (—eq, 17).

These are displayed in figure 6. It is interesting to remark that the image, by the dual substi-
tution (o), of each unit tip is a connected path. This is in fact characteristic, among unitary
substitutions on 2 letters, of the so called invertible substitutions (see [Wen-Wen]), also called
sturmian substitutions since their fixed point is a sturmian sequence. The next example shows
what happens in the non-invertible case; it would be interesting to find analogous properties for
3 or more letters.

Note also that the connectivity property for the dual map arises only if we consider the
geometric representation linked to the duality morphisms y; if we do not shift the point x by
e;, +---+ e, many convenient properties, in this and other cases, are lost.

Example 2. Let ¢ be the substitution

c: 1 —112
2 — 21.

The matrix A, is the same as the one for Fibonacci substitution given in Example 1. But this is
not invertible substitution. It is easy to check this fact by using EI’s Theorem. Then the linear
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—
R I s | ]
(0,1) (0,2)
3
A
» 5 () E5(q)
_(_eh 1*) (_e272*)

—_—

_(_eh 1*) (_e272*)

FiGure 6. The figure of I/y(0) and £ (o) in Example 2

mapping Fi(c) and the dual mapping F7 (o) are given by
FEi(o) : (0,1) — (0,1) + (e, 1) + (2e4,2),
(0,2) — (0,2) + (eg, 1),

Ef(o): —(—e1,1*) +— —(—e; +e3,17) — (—2e1 +2e9,1") — (—e2,27),

(—627 2*) — (—617 1*) + (e1 — 2627 2*)

These are displayed in figure 6.

Example 3. Let ¢ be the substitution
c: 1 —23
2 — 123
3 — 1122233.

17
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(0,1) (0,2) (0,3)
?‘2_(%) g_ | ’ Es (o) /
L
(0,1A2) (0,1A3)
Ba(q) Ba(q)
(0,27 3) (0,1A2A3)

F1Gure 7. The figure of Ey(o), k =1,2,3 in Example 3

This substitution is an example which is unimodular but not an invertible endomorphism on
the free group of rank 3. The matrix A, and the inverse matrix A;! are

01 2 -1 0 1
1 1 3 and Al =11 -2 2 |.

A, = -
11 2 0 1 -1

Then the linear mappings Ex(0), k = 1,2, 3, are given by

ICE (0,1) — (0,2) + (eg, 3),
(0,2) — (0,1) + (eq,2) + (e; +eq, 3),
(0,3) — (0,1) + (e1, 1) + (2e1,2) + (2e1 + ez, 2)
+(2e1 + 2e3,2) + (2e1 + 3e2,3) + (2e1 + 3ez + e3,3),

FEy(o):  (0,1A2) +— —(0,1A2)— (e, 1A3),
(0,1A3) +— —(0,1A2)—(e3,1A3)—(e1,1N2)— (e; +e3,1A3)
—(2e1 +e2,2A3) — (2e1 + 2e3,2 A 3) + (2e1 + 3ez + e3,2 A 3),
(0,2A3) +— —(e1,1A2)—(e;1+ ez, 1A3)+ (2e1+ ez, 1N2) — (2e; +e3,1A3)
+(2e1 +2e3,1 A 2) + (2e1 + 3ez, 1 A 3) 4 (2e1 + 3ez +e3,1 A 3)
—(3e1 +e2,2A3) — (3e; + 2e2,2 A 3) + (3e1 + 3ez + e3,2 A 3),
Es(c): (0,1A2A3) +— (2e1+e2, 1A2A3)+ (2e; +2e3,1A2A3)
—(2e1 4+ 3ex +e3, 1A2A3).

)_
)_

These are displayed in figure 6. Observing this figure, where we can recognize that the image
of the unit cube at the origin consists in 3 cubes (with different orientations), we can make the
conjecture that the necessary condition of Proposition 5.2 is also sufficient.
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Example 4. Let ¢ be the substitution

— 12
— 13
— 14
— 1.

g

= W N

This substitution can be considered as the natural generalization, on 4 letters, of the Rauzy
substitution. One can easily compute the extensions and dual extensions. This is a case where
results of the last part of section 4 apply, since it is a unimodular Pisot substitution satisfying
the coincidence condition.

The pictures are not easy to draw, since we are in dimension 4; however, it is possible to show
the limit set on the stable space, which looks a bit like a potato. The exact figure can be found
as the domain of the Potato exchange transformation in [Ito-Miz].

7. Additional remarks

A first remark is that a large part can be immediately generalized from substitutions to
endomorphisms of free groups. The main interest of considering substitutions is that, in this
case, there is no cancellation; this makes it easy, in particular, to study Fy(o). However, this
reason disappears for higher dimensional extension.

To generalize this framework to the free group, one must be able to define the element (x,:71).
Since we want the path associated to the word w = ¢! to be empty, the natural solution is to
define (x,i7!) as —(x — e;,1). The rest follows easily from this definition.

A second remark is that there is certainly an underlying homological theory, which would
make all these contructions natural; the maps ¢ defined in section 1 seem to be a kind of
Poincaré duality.

It is also possible to make the union of the Gy into a graded module, by defining an exterior
product. It is given on Gy by (x,7) A (y,7) = (x+y,7A j), and the generalization to the other
sets is straightforward. It is interesting to note that this leads to a simple definition of F3(co),
as I (o) A By (o).

A last remark is that, instead of considering one substitution and its powers, we can consider
the products of a sequence of substitutions; this is a non-commutative generalization of the
product of a sequence of matrices. In this setting, we can build the extensions of these prod-
ucts; this can allow, for example, to build explicitly discrete approximations of a plane, using
generalized continued fractions, as is done in the paper [Arn-Ber-Ito].
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