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1 Introduction

Motivation

How can we describe the spatial geometrical structure of an urban road network

or of a complex �lament network in biological cells by tessellation models?

Infrastructure data Cellular keratin proteins
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Tessellations and their characteristics

� 3 non-iterated models (PLT, PVT, PDT)

� 9 iterated models (combination of these non-iterated models)

� Characteristics of random tessellations (per unit area)

{ Mean number of vertices (� 1)

{ Mean number of edges (� 2)

{ Mean number of cells (� 3)

{ Mean total length of edges (� 4)
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Examples for realizations of non-iterated tessellation models

(a) PLT, 
 P LT = 0 :02 (b) PVT, 
 P V T = 0 :0001 (c) PDT, 
 P DT = 0 :000037

) � 4 = 0 :02 in all three cases
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Examples for realizations of iterated tessellation models

(a) PLT/PLT,


 0 = 0 :02; 
 1 = 0 :04

(b) PLT/PVT,


 0 = 0 :02; 
 1 = 0 :0004

(c) PLT/PDT,


 0 = 0 :02; 
 1 = 0 :0001388

) � 4 = 0 :02 + 0:04 = 0:06
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Characteristics of non-iterated tessellations

Model � 1 � 2 � 3 � 4

PLT 1
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 2 2
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 2 


PVT 2
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Values of� 1; : : : ; � 4 for a tessellation with parameter
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Characteristics of iterated tessellations

Characteristics ofX 0/ pX1-nesting

� 1 = � (0)
1 + p� (1)

1 +
4p
�

� (0)
4 � (1)

4

� 2 = � (0)
2 + p� (1)

2 +
6p
�

� (0)
4 � (1)

4

� 3 = � (0)
3 + p� (1)

3 +
2p
�

� (0)
4 � (1)

4

� 4 = � (0)
4 + p� (1)

4

) Mean-value formulae for nestings involving PLT, PDT and PVT
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2 Model �tting

Fitting of random tessellation models to image data

� Based on minimization of distance between characteristicsof input data

and computed values of these characteristics using mean-value formulae

� Decision in favor of optimal tessellation model within a class of given

random tessellation models

� Validation by Monte-Carlo test
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Distance measures

Let x = ( x1; : : : ; xn ) and y = ( y1; : : : ; yn ) denote two vectors.

Euclidean distance

de(x ; y ) =

vu
u
t

nX

i =1

(x i � yi )
2 d0

e(x ; y ) =

vu
u
t

nX

i =1

�
x i � yi

x i

� 2

Absolute value distance

da(x ; y ) =
nX

i =1

jx i � yi j d0
a(x ; y ) =

nX

i =1

�
�
�
�
x i � yi

x i

�
�
�
�

Maximum norm distance

dm (x ; y ) = max
i =1 ;:::;n

jx i � yi j d0
m (x ; y ) = max

i =1 ;:::;n

�
�
�
�
x i � yi

x i

�
�
�
�
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Model �tting algorithm

� Step 1: Observe input data in sampling windowW

� Step 2: Get vector of estimates

d� inp = ( d� inp
1 ; d� inp

2 ; d� inp
3 ; d� inp

4 )

from input data by using unbiased estimators:

d� inp =
1

jW j
(nv ; ne; nc; le);

{ nv number of vertices inW

{ ne number of edges, whose lexicographically smaller endpointlies inW

{ nc number of cells, whose lexicographically smallest vertex lies inW

{ le total length of edges inW
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� Step 3: Calculate the entries (� 1; � 2; � 3,� 4) of the theoretical vector� for

certain values of
 in a given range (or
 0 and 
 1)

� Step 4: Calculate distanced( d� inp ; � )

� Step 5: Determine minimum distanced( d� inp ; � min ) and 
 min (or 
 min
0

and 
 min
1 )

� Step 6: Repeat steps 3 to 5 for all competing models: Obtain� opt and


 opt (or 
 opt
0 and 
 opt

1 )

� Step 7: Choose model with overall minimum distance = optimal

tessellation model with parameter
 opt (or 
 opt
0 and 
 opt

1 )
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Model �tting algorithm: Re�nement
Traversing search method in steps 3-5 can be replaced by solving an
optimization problem

� Minimization problem (relative Euclidean distance)

d0
e( d� inp ; � ) =

vu
u
t

4X

i =1

�
( d� inp

i � � i )=
d� inp

i

� 2

! min

� By inserting the mean-value formulae, one gets e.g. for PLT

f (
 ) =
�

( d� inp
1 � 1

� 
 2)=d� inp
1

� 2

+
�

( d� inp
2 � 2

� 
 2)=d� inp
2

� 2

+
�

( d� inp
3 � 1

� 
 2)=d� inp
3

� 2

+
�

( d� inp
4 � 
 )=d� inp

4

� 2

! min

� Methods from numerical analysis can be used to �nd global minimum

University of Ulm - Department of Stochastics V. Schmidt
February 2006



2 Model �tting 14

Nelder-Mead algorithm (1965)

In case of iterated tessellation:
 = ( 
 0; 
 1)

) More advanced numerical methods must be used to �nd global minimum of

f (
 ) = d0
e

�
d� inp ; � (
 0; 
 1)

�

� Select three initial values
 0; 
 00and 
 000of 
 at random

� Consider the triangle(
 0; 
 00; 
 000)

� Evaluatef (
 ) at the vertices
 0; 
 00; 
 000
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� Suppose thatf (
 0) < f (
 00) < f (
 000)

� Replace
 000by 
 IV such that f (
 IV ) < f (
 000)

� To realize this:

Re
ect, expand, contract or shrink the triangle

� Algorithm stops if di�erence between function values at the vertices is small
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Discussion of Nelder-Meat algorithm

� Problem: Obtained minimum may depend on initial values
 0; 
 00; 
 000

) Start with di�erent initial values (randomly chosen) to obtain global

minimum

� Advantages:

{ Faster than traversing search on a lattice

{ More precise results than traversing search in most cases
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Comparison of Nelder-Mead with traversing search method

Simulation of PLT/PLT with intensities
 0 = 0 :1; 
 1 = 0 :06

Runs Optimal model Distance 
 0 
 1

Traversing search 1 PLT/PLT 0:0017484 0:0879000 0:0638000

Nelder-Mead 99 PLT/PLT 0:0017340 0:0877613 0:0639244

1 PLT/PVT 0:0102641 0:1079550 0:0005047

Systematic search: Stepwidth of 0.0001

Runtime comparison

Traversing search 4:7 min

Nelder-Mead 0:3 min
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3 Monte-Carlo test for model validation

Null-hypothesisH0: input data represents a realization of the tessellation model

� with parameter
 (
 0; 
 1 and p)

� Choose a signi�cance level� (� = 0 :05 or � = 0 :01)

� Calculate the hypothetical vector� of model characteristics for
 (
 0, 
 1

and p)

� Calculate the distanced between� and d� inp

� Generaten realizations of� (n = 99 or n = 999)
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� Determine the vectorsc� 1; :::; c� n of model characteristics for each

simulation run

� Calculate the distancesd1; :::; dn between� and c� 1; :::; c� n

) Obtain n + 1 distance valuesd; d1; :::; dn

� Arrange the valuesd; d1; :::; dn in ascending order

� Determine positioni of d in this sequence

� Reject null-hypothesis ifi 2 R� = [ n � � (n + 1) + 2 ; :::; n + 1]

(R0:05 = [96; 100] or R0:01 = [991; 1000])

� Alternatively, regard p-value= 1 � (i � 1)=(n + 1) and reject

null-hypothesis for small p-values
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Power of MC test

PowerPMC = 1 � probability to acceptH0 despite it is not true

� Examine performance of MC test under alternative hypothesisH1

� Generate one realization of the model underH0 and n realizations of the
model underH1

� Report if i 2 R�

� Repeat the MC testk times

� Estimator [PMC for PMC :

[PMC =
1
k

] f i l 2 R� ; l = 1 ; :::; kg

� PMC is considered high if[PMC is close to 1
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Numerical Example: Power analysis of MC test for non-iterated tessellations

� k = 1000 and � = 0 :05

� Input: PLT with parameter
 = 0 :1

� Alternative hypothesis: PVT with optimal parameter
 min

) [PMC � 1

� Alternative hypothesis: PDT with optimal parameter
 min

) [PMC � 1

Conclusion:

PLT and PVT (PDT) are quite di�erent models with regard to their

geometrical structure
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4 Road system of Paris

Data description

Line segments with marks (type of

road):

� highway

� national route

� main road

� side street

� ... Real infrastructure data of Paris

Aim
Cost analysis and risk evaluation, e.g. for underlying telecommunication
networks
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Preprocessing of data - local region within Paris

� Taking main roads and side streets under consideration

� Construction of a tessellation with polygonal cells

{ Removal of dead end streets

{ Disregard of points where only two line segments emanate from

(a) Raw data (b) Preprocessed data
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Analyzed sampling window W

(a) Raw data (b) Preprocessed data

Location and size of W : lower left vertex [5000,3000], upper right vertex [8000,6000];

jW j = 3000 m � 3000m = 9 km 2
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Fitting strategy

Using knowledge about hierarchical structure

� Fitting of a non-iterated tessellation model to the main roads

� Fitting of an iterated tessellation model to road data with �xed initial

tessellation model

� p = 1
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Results: Main roads

Model Distance 
 min

PLT 0:21101 0:002384

PVT 0:29749 0:000001

PDT 0:73378 0:000001

Distance and corresponding optimized parameter
 min

Main roads would be modelled by a PLT with
 opt = 0 :002384
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Road system - decision between PLT/PLT, PLT/PVT and PLT/PDT

Model Distance 
 min
0 
 min

1

PLT/PLT 0:15224 0:002384 0:013906

PLT/PVT 0:20455 0:002384 0:000044

PLT/PDT 0:36649 0:002384 0:000028

Distance and corresponding optimized parameters
 min
0 and 
 min

1

Road system would be modelled by a PLT/PLT-nesting with
 opt
0 = 0 :002384

and 
 opt
1 = 0 :013906
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Veri�cation through MC test

� n R� d d(1) d(n) i p-value rejected

0.05 99 [96,100] 0.15327 0.00968 1.22830 30 0.71 no

0.01 999 [991,100] 0.15327 0.00966 1.04893 306 0.695 no
PLT/PLT with 
 0 = 0 :002384 and 
 1 = 0 :013906
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Comparison between real data and realizations of �tted model

Preprocessed road system Realization of optimal PLT/PLT model
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5 Keratin �lament networks in cancer cells

Data description
Scanning electron microscopy images (7 TGF� -treated and 8 control cells)

Untreated cells (A) and cells incubated withTGF � (B)

Biological aim
Analysis of keratin �lament network structure of pancreatic cells before and
after treatment with Transforming-Growth-Factor-� (TGF� ), which induces
keratin phosphorylation
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Preprocessing of data

Image segmentation algorithm:

� Step 1: Transfrom grayscale images into binary images by using threshold
t = �f with �f mean grayscale value within the image

� Step 2: Skeletonize the binary image

Skeleton of an object

� Step 3: Prune (=remove all connection paths containing at least one

isolated endpoint)
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� Step 4: Transform skeletons into line segment structures

� Step 5: Merge nearby crosspoints

(a) Typical skeleton of two �laments crossing each other

(b) Transformation into graph structure (c) Merging of nearby crossings
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Visualization of the segmentation algorithm

(a) Grayscale sample image (b) Binary image after thresholding

(c) Skeletonization of thresholded image

using morphological thinning

(d) Graph structure after pruning and

merging of nearby crosspoints
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Analyzed image data

Control sample image Graph structure

TGF� sample image Graph structure
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Statistical analysis of single line segments

aTGFCt

300

400

500

600

700

800

900

Boxplot: Number of segments per sampling region

Increased mean number of segments in case of TGF� treated group compared

to the control group
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aTGFCt
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Boxplot: Mean segment length per sampling region

Reduced mean segment length in case of TGF� treated group compared to the

control group
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Segment orientation of a sample of the control group (a) and of the TGF� -treated group (b)

Anisotropy is more distinct for the control group than for the TGF� treated
group
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Model �tting strategy

� Calculate�̂ = ( ^� 1; :::; ^� 4) for each single image

� Calculate the mean values of̂� 1; :::; ^� 4 for all control images and for all

TGF� images, respectively

� Run model �tting procedure

� Obtain optimal model with
 opt (or 
 opt
0 , 
 opt

1 and popt 2 [0:9; 1:0])

University of Ulm - Department of Stochastics V. Schmidt
February 2006



5 Keratin �lament networks in cancer cells 39

Estimated model characteristics

Control group TGF� group

^� 1 0.000973 0.001576

^� 2 0.001623 0.002676

^� 3 0.000651 0.001101

^� 4 0.044474 0.059377

Conclusion:

Characteristics are larger in case of the TGF� -treated group as a result of

�lament growth
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Results: Optimal model for the group of untreated cells

Model Distance 
 min

PLT 0.2994 0.048714

PVT 0.2077 0.000539

PDT 0.8492 0.000362

Model Distance 
 min
0 
 min

1 pmin

PLT/PLT 0.0057 0.022031 0.025125 0.9

PLT/PVT 0.0205 0.031608 0.000057 0.9

PLT/PDT 0.0560 0.029103 0.000033 0.9

PVT/PLT 0.0015 0.000049 0.033860 0.9

PVT/PVT 0.2023 0.000298 0.000030 1.0

PVT/PDT 0.1054 0.000101 0.000083 0.9

PDT/PLT 0.0447 0.000026 0.033158 0.9

PDT/PVT 0.1123 0.000067 0.000123 0.9

PDT/PDT 0.1477 0.000053 0.000070 0.9
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Optimal model for the group of TGF� -treated cells

Model Distance 
 min

PLT 0.2605 0.063116

PVT 0.2312 0.000827

PDT 0.8103 0.000622

Model Distance 
 min
0 
 min

1 pmin

PLT/PLT 0.0084 0.040824 0.018099 1.0

PLT/PVT 0.0024 0.044430 0.000054 1.0

PLT/PDT 0.0129 0.040115 0.000042 0.9

PVT/PLT 0.0024 0.044430 0.000054 1.0

PVT/PVT 0.2311 0.000835 0.000000 1.0

PVT/PDT 0.0911 0.000131 0.000177 0.9

PDT/PLT 0.0005 0.000038 0.041888 0.915

PDT/PVT 0.1030 0.000145 0.000160 0.9

PDT/PDT 0.1068 0.000087 0.000121 0.9

University of Ulm - Department of Stochastics V. Schmidt
February 2006



5 Keratin �lament networks in cancer cells 42

Comparison between real data and realizations of �tted model

Control group: Segmented graph structure and sample realization of optimal PVT/PLT model

TGF� group: Segmented graph structure and sample realization ofoptimal PDT/PLT model
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Conclusion

� Di�erent models selected as best �ts for TGF� -treated and untreated cells

indicate a signi�cant change of network architecture

� TGF� induces a reorganization of keratin �lament network in cancer cells

� Further studies will investigate the impact of these changes for biophysical

properties of cancer cells
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6 Summary

� Networks occur on macroscopic and microscopic scales

� Network data are described by random tessellation models

� Model choice

{ Preprocessing of image data is often necessary

{ Model �tting algorithm can use hierarchical information (main

roads/side streets)

{ Model �tting algorithm can be applied to average image characteristics

(untreated/treated cells)

� Veri�cation of model choice can be done by MC tests
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