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Genetic regulatory networks

,! Expression of genes governed by a complex set of regulations

,! Usually, representation by a �nite signed directed graph

� Nodes! genes

� Edges! interactions between genes

Interactions are endowed with a signed

A +! B meansA is an activator for B
A �! B meansA is an inhibitor for B
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A circuit is a sequence of edgese1; : : : ; ek such that the end point of ei is the
origin of ei +1

The sign of a circuit : product of the signs of its edges

A I -circuit , I � f 1; : : : ; ng, is a circuit whose nodes belong toI
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Thomas' rules

1. A necessary condition formultistability (i.e., the existence of several stable
�xed points in the dynamics) is the existence of apositive circuit in the
regulatory graph

2. A necessary condition for the existence of atrap cycle in the dynamics is the
existence of anegative circuit
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Proofs of Thomas' rules

� Di�erential formalisms
x = ( x1; : : : ; xn ) 2 Rn obey a di�erential equation _x = f (x), f non-linear
function
Plathe et al. (1995), Snoussi (1998), Gouz�e (1998), Cinquin and Demongeot
(2002), Soul�e (2003)

� Discrete formalisms
x = ( x1; : : : ; xn ) 2 [0; Max ]n , non-linear relations (thresholds e�ects)
Aracena (2001), Remy, Ruet and Thie�ry (2005), Soul�e (2005), Remy and
Ruet (2005), Richard and Comet (2006)
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Outline

1. Thomas' conjectures in the Boolean framework

Given a Boolean function f : f 0; 1gn ! f 0; 1gn

,! we associate a signed directed graphG(x)
,! we show that the existence of a positive (resp. negative) circuit in G(x)

for somex is a necessary condition for the existence of several �xed points
(resp. a trap cycle) in the dynamics

2. Thomas's conjectures in the multilevel framework

3. A generalisation to more general form of biological di�erentiation
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Boolean Case

� 1; : : : ; n genes

� x = ( x1; : : : ; xn ) 2 f 0; 1gn : state of the system (genes expressed/not expressed)

Notation : for I � f 1; : : : ; ng (x I ) i =

8
<

:
x i for i 62I

1 � x i otherwise

� f : f 0; 1gn ! f 0; 1gn , f (x) = ( f 1(x); : : : ; f n (x))
f i (x) : value to which x i tends when the system is in statex

� Com(x) = f i = 1 ; : : : ; n s.t. x i 6= f i (x)g, genes which may switch (or
\commute") their expression level
Com(x) = ; meansx �xed point
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Boolean dynamics

Updating rules :

� the synchronousdynamics : f (x; f (x)) s.t. x 2 f 0; 1gn g, where all the
expression levelsx i are simultaneously updated

� the fully asynchronousdynamics : f (x; x i ) s.t. x 2 f 0; 1gn ; i 2 Com(x)g, where
the expression level of only one gene is updated

x f (x) Com(x)

(0; 0) (1; 1) f 1; 2g

(0; 1) (0; 1) ;

(1; 0) (1; 0) ;

(1; 1) (0; 0) f 1; 2g

(0; 1) (1; 1)

(0; 0) (1; 0)

(0; 1) (1; 1)

(0; 0) (1; 0)
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The regulatory graph

Given f : f 0; 1gn ! f 0; 1gn and x 2 f 0; 1gn , we de�ne

,! The discrete Jacobian matrix J (x) [Robert, 1986] :

J (x) i;j =

8
<

:
1 if f i (x j ) 6= f i (x)

0 otherwise

,! The regulatory graph G(f )(x) (denoted G(x)) :
� vertex set f 1; : : : ; ng (genes)
� signed edges :

j +�! i when J (x) i;j = 1 and x j = f i (x)

j ��! i when J (x) i;j = 1 and x j 6= f i (x)

Remark : G(x) is a local graph
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Multistability and positive circuits

Let f : f 0; 1gn ! f 0; 1gn .

Theorem :
f has at least two �xed points =) 9 x 2 f 0; 1gn such that G(x) has a positive
circuit

More precisely, if f has two �xed points a and b, and if I � f 1; : : : ; ng is such
that b = aI , then there is an x 2 f 0; 1gn such that G(x) has a positiveI -circuit
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Multistability and positive circuits : proof

Proof : leans on the proof of discrete version of the Jacobian conjecture

Let �( x) to be the simple directed graph whose adjacency matrix is the
transposite of J (x) (G(x) signed version of �(x))

Discrete Jacobian Conjecture [Shih and Dong, 2005] :
8x 2 f 0; 1gn , �( x) has no circuit =) f has a unique �xed point
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Multistability and positive circuits : proof

Let I � f 1; : : : ; ng

Each x 2 f 0; 1gn generates aI -subcube

x[I ] = f y 2 f 0; 1gn s.t. yj = x j for all j 62I g

If � is an I -subcube, a� -�xed point is an x 2 � such that f i (x) = x i for all
i 2 I

Lemma : Let f : f 0; 1gn ! f 0; 1gn and I � f 1; : : : ; ng. If for each x 2 f 0; 1gn ,
G(x) has no positive I -circuit, then for each I -subcube� , f has at most one
� -�xed point

(Induction on the cardinality k of I )
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Cycles and negative circuits

� cycle (x1; : : : ; x r ; x1) is completly described by one of its point, sayx1, and its

strategy ' : f 1; : : : ; r g ! f 1; : : : ; ng de�ned by x i +1 = x i
' ( i )

(0; 1; 1) (1; 1; 1)

(0; 0; 1) (1; 0; 1)

(0; 1; 0) (1; 1; 0)

(0; 0; 0) (1; 0; 0)

Cycle (100; 101; 111; 110; 100)

Strategy ' = (3 ; 2; 3; 2)

� A cycle (x1; : : : ; x r ) with strategy ' is a trap cycle when, once in the cycle, one
cannot escape any more

f (x i ) = x i
' ( i )

= x i +1
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Cycles and negative circuits

Let f : f 0; 1gn ! f 0; 1gn .

Theorem :
f has a trap cycleC = ( x1; : : : ; x r ) with strategy ' =)
G(C) = G(x1) [ � � � [ G(x r ) has a negative circuit with vertices' (1); : : : ; ' (r )
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Idea of proof :

(0; 1; 1) (1; 1; 1)

(0; 0; 1) (1; 0; 1)

(0; 1; 0) (1; 1; 0)

(0; 0; 0) (1; 0; 0)

cycle C = (000; ' )
' (000) = 3; ' (001) = 2; ' (011) = 1; ' (111) = 2; ' (101) = 3; ' (100) = 1

Each gene implied in the circuit appear an even number of times in the strategy

' (011) = ' (100) : bridge (011; 100) which contains all the genes implied in the
cycle

If x i is \in the bridge" (between 011 and 100 in the cycle), thenG(x i ) has an
edge from' (i ) to ' (i + 1) = ) construction of a circuit, with negative sign.
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Outline

1. Thomas' conjectures in the Boolean framework

Given a Boolean function f : f 0; 1gn ! f 0; 1gn

,! we associate a signed directed graphG(x)
,! we show that the existence of a positive (resp. negative) circuit in G(x)

for somex is a necessary condition for the existence of several �xed points
(resp. a trap cycle) in the dynamics

2. Thomas's conjectures in the multilevel framework

Given a parameterised regulatory graphG
,! we project the multilevel dynamics in Boolean spaces
,! we deduce the existence of a positive (resp. negative) circuit in G in case

of multistationarity (resp. periodic oscillations) in the dynamics from the
Boolean results

3. A generalisation to more general form of biological di�erentiation
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Multilevel case
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Projections � s, with s = (1 ; 1) (down) and s = (1 ; 2) (up)
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Projections � s, with s = (1 ; 1)

f + keeps the positive self-loops,f � the negative ones

G+ : regulatory subgraph obtained from G by removing negative loops
G+ �

S
x 2 Sm

S
s2

Q n
i =1 f 1;:::;m i g G(f +

s )( � s(x))
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Thomas' rules

Theorem

Let G be a parameterised regulatory graph

1. If the associated dynamics has at least two stable states,then G has a
positive circuit.

More precisely, if it has two stable statesa and b and if I is such that bi = ai

for any i 62I , then G has a positiveI -circuit.

2. If the dynamics has a trap cycle (x1; : : : ; x r ) with strategy ' , then G has a
negative I -circuit with I = f ' (1); : : : ; ' (r )g.
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Outline

1. Thomas' conjectures in the Boolean framework

Given a Boolean function f : f 0; 1gn ! f 0; 1gn

,! we associate a signed directed graphG(x)
,! we show that the existence of a positive (resp. negative) circuit in G(x)

for somex is a necessary condition for the existence of several �xed points
(resp. a trap cycle) in the dynamics

2. Thomas's conjectures in the multilevel framework

Given a parameterised regulatory graphG
,! we project the multilevel dynamics in Boolean spaces
,! we deduce the existence of a positive (resp. negative) circuit in G in case

of multistationarity (resp. periodic oscillations) in the dynamics from the
Boolean results

3. A generalisation to more general form of biological di�erentiation
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,! more general form of biological di�erentiation than multis tability
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Disjoint stable subspaces and positive circuits

For any state x and I � f 1; : : : ; ng, let x[I ] be the subset of the phase space
consisting in thosey such that yi = x i for i 62I . x[I ] is a stable subspacewhen
y 2 x[I ] implies f (y) 2 x[I ].

Theorem

Boolean case Let f : f 0; 1gn ! f 0; 1gn

f has at least two stable subspaces =) 9 x 2 f 0; 1gn such that G(x) has a
positive circuit

Multilevel case Let G be a parameterised regulatory graph
The dynamics has at least two stable subspaces =) G has a positive
circuit
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Future

{ Homeostasy =) existence of a negative circuit in aG(x) ? ?

{ Thomas' rules in multivalued formalism : proof of the exist ence of circuits in a
G(x) (cf. Richard and Comet)

{ The su�cient condition (related to the functionality of circuits)

{ Inferenceof the regulatory graph from (temporal) transcriptome data
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