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\Genetic regulatory networks l

1 Expression of genes governed by a complex set of regulations

I Usually, representation by a nite signed directed graph

Nodes! genes

Edges! interactions between genes

Interactions are endowed with a signed
A ' B meansA is an activator for B
A ! B meansA is an inhibitor for B
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Genetic regulatory networks, a schematic view
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origin of g 41

The sign of a circuit : product of the signs of its edges

A | -circuit , |

Regulatory circuits
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|Thomas' rules '

1. A necessary condition formultistability (i.e., the existence of several stable
xed points in the dynamics) is the existence of apositive circuit in the
regulatory graph

2. A necessary condition for the existence of @arap cycle in the dynamics is the
existence of anegative circuit
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|Proofs of Thomas' rules '

Di erential formalisms

function
Plathe et al. (1995), Snoussi (1998), Gouz (1998), Cinquin and Demongp

(2002), Souk (2003)

Discrete formalisms

Aracena (2001), Remy, Ruet and Thie ry (2005), Soué (2005, Remy and
Ruet (2005), Richard and Comet (2006)
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1. Thomas' conjectures in the Boolean framework
Given a Boolean functionf :f0;1g" ' f 0;1g"
I we associate a signed directed grapls(x)
I we show that the existence of a positive (resp. negative) cauit in G(x)
for somex is a necessary condition for the existence of several xed puts

(resp. a trap cycle) in the dynamics

2. Thomas's conjectures in the multilevel framework

3. A generalisation to more general form of biological di erertiation
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| Boolean Case |

_ . <X for i 62
Notation :for 1 f 1;:::;ng (X )i =
-1 X; otherwise

Com(x)= fi=1;:::;n s.t. x; 6 f;(x)g, genes which may switch (or
\commute") their expression level
Com(x) = ; meansx xed point
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Updating rules :

[Boolean dynamics ]

the synchronousdynamics : f (x;f (x)) s.t. x 2 f0; 1g"g, where all the
expression levels; are simultaneously updated

the fully asynchronousdynamics: f(x;X') s.t. x 2 f 0;1g";i 2 Com(x)g, where

the expression level of only one gene is updated

X f(x) Com(x)
0;0) | (1;1) f129
(0;1) | (0;1) ,
(1,0) | (1;0) ,
(1,1) | (0;0) 1,29

0;1) «<— (1;1) (0;1)

b

(0;0) — (1;0) (0;0)

(1;1)

S

(1;0)
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[The regulatory graph ]

Givenf :f0;1g" !'f 0;1g" and x 2 f 0; 1g", we de ne

I The discrete Jacobian matrixJ(x) [Robert, 1986] :

8
1) <1 iffi(x) 6 fi(x)
710 otherwise

I The regulatory graph G(f )(x) (denoted G(x)) :
vertex setfl;:::;ng (genes)
signed edges :
j " iwhenJ(x)i; =1andx; = f;(x)
j ! i WhenJ(x)i;j =1 and Xj 6 fi(x)

Remark : G(x) is a local graph
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( Muttistability and positive circuits ]

Letf :f0O;1g" ' f 0O;19".

Theorem :
f has at least two xed points =) 9 x 2f0;1g" such that G(x) has a positive

circuit

More precisely, if f has two xed pointsa and b, and if I f 1;:::;ngis such
that b= a', then there is anx 2 f 0; 1g" such that G(x) has a positivel -circuit
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[Multistability and positive circuits : proof ]

Proof : leans on the proof of discrete version of the Jacobian conjaare

Let ( x) to be the simple directed graph whose adjacency matrix is tle
transposite of J(x) (G(x) signed version of (X))

Discrete Jacobian Conjecture [Shih and Dong, 2005] :
8x 2 f0;1g9", ( x) has no circuit =) f has a unique xed point

12
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[Multistability and positive circuits : proof ]

Letl f 1;:::;ng

Eachx 2 f 0; 1g" generates al -subcube

X[I]=fy2f0;1g" s.t.y; = x; forall j 629

If is anl-subcube, a -xed point isanx 2 such that f;(x) = x; for all
| 2 1

Lemma :Letf :f0O;1g"!f O;1g" and!l f 1;:::;ng. If foreachx 2f0; 19",
G(x) has no positive | -circuit, then for each | -subcube , f has at most one
- xed point

(Induction on the cardinality k of )

13
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[Cycles and negative circuits ]
cycle (x%;::::x";x%) is completly described by one of its point, sayx?®, and its
strategy' :f1;:::;rg!f 1;::::ngdenedby xi*1 = xi )
0:;1;1) -+ (1;1; 1)
- : 7
0;6;1) - A (1;0;1) Cycle (100 101; 111; 110, 100)
(0:1,0) <--ovvefoennn (1: 1; 0) Strategy ' = (3;2;3;2)
(0:0;0) -+ vvvvvveennns (1; 0; 0)
A cycle (x!;:::;x") with strategy ' is atrap cycle when, once in the cycle, one

cannot escape any more

f(x)=x = xi*

14
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[Cycles and negative circuits }

Letf :fO;1g" !'f 0O;19".

Theorem :
f has atrap cycleC = (x*;:::;x") with strategy ' =)
G(C)= G(x})[ [ G(x") has a negative circuit with vertices' (1);:::;" (r)

15
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Idea of proof :

(0;1;1) > (1;1;1)
Z7 A V4
(0;0;1) v (1,0;1)
(0;1,0) coeecpees > (1,1,0)
A V4
(0;0;0) == (1;0;0)

cycle C = (000;" )

'(000)=3; '(001)=2; '(011)=1; '(111)=2; ' (101)=3; ' (100) =1
Each gene implied in the circuit appear an even number of tims in the strategy

' (011) = ' (100) : bridge (011, 100) which contains all the genes implied in the

cycle

If x' is \in the bridge" (between 011 and 100 in the cycle), thenG(x') has an
edge from' (i) to ' (i +1) =) construction of a circuit, with negative sign.

16
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. Thomas' conjectures in the Boolean framework

Given a Boolean functionf :f0;1g" ' f 0;1g"

I we associate a signed directed grapls(x)

I we show that the existence of a positive (resp. negative) cauit in G(x)
for somex is a necessary condition for the existence of several xed puats
(resp. a trap cycle) in the dynamics

. Thomas's conjectures in the multilevel framework

Given a parameterised regulatory graphG
1 we project the multilevel dynamics in Boolean spaces
I we deduce the existence of a positive (resp. negative) cirdgun G in case

of multistationarity (resp. periodic oscillations) in the dynamics from the
Boolean results

. A generalisation to more general form of biological di erertiation
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| Multilevel case |

Regulatory graph

N

18
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Regulatory graph and
parameterisation

N

mCro=2’ mCI=1

K¢ (Cro,1)=0
KCro(C|!1)=0
Kerol(C1,1),(Cro,2))=0
Kero(Cro,2)=1
Ke(9)=1

KCro(®)= 2
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Regulatory graphs and dynamics
K¢ (Cro)=0
2 Kero(Cl)= K¢, (Cl,Cro)=0
Q | N Kq..(Cro)= 1
1 Kc,(D)=1
KCro(®)= 2

Cl  Cro | fg B
0 0 1 2
0 1 0 2
0 2 0 1
1 0 1 0
1 1 0 0
1 2 0 0
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Regulatory graphs and dynamics

State transition graph

j 12
Cl Cro for T
0 0 1 2 v
R 0 2 =9
0 2 0 1
1 0 1 0
1 1 0 0 —»ﬁ
1 2 0 0 -
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Regulatory graphs and dynamics

K¢ (Cro)=0
2 Kc,o(Cl)= K¢,o(Cl,Cro)=0
Q T Ko, (Cro)= 1
1 Kci(D)=1
KCro(®)= 2
Mco=2, Me=1 "
ro

Cl  Cro fi B, 2 _I
2 < l L

<4
[

—
M A

O O - Ol | -
ool =|N
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Boolean projections
Cro

Cro

Projections g, with s=(1;1) (down) and s=(1;2) (up)
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&

Projections ¢, with s=(1;1)

Boolean projections
Cro

L

"R

— 0

i T

Py A
I * f\A Cro

0 — ) 1 Iﬁ_l
0 1 CI ; | *
0
|
I o]
0 1

f* keeps the positive self-loopsf the negative ones

G*' : rggulatogl subgraph obtained from G by removing negative loops
G X2 Sm sng‘zl f1:0m ;g C(Fs ) s(X))
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[Thomas' rules }

Theorem

Let G be a parameterised regulatory graph
1. If the associated dynamics has at least two stable stateshen G has a

positive circuit.
More precisely, if it has two stable statesa and band if | is such thatb = g

for any i 624, then G has a positivel -circuit.

25
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. Thomas' conjectures in the Boolean framework

Given a Boolean functionf :f0;1g" ' f 0;1g"

I we associate a signed directed grapls(x)

I we show that the existence of a positive (resp. negative) cauit in G(x)
for somex is a necessary condition for the existence of several xed puats
(resp. a trap cycle) in the dynamics

. Thomas's conjectures in the multilevel framework

Given a parameterised regulatory graphG
1 we project the multilevel dynamics in Boolean spaces
I we deduce the existence of a positive (resp. negative) cirdgun G in case

of multistationarity (resp. periodic oscillations) in the dynamics from the
Boolean results

. A generalisation to more general form of biological di erertiation
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An example: the bacteriophage lambda
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v Lysis Lysogeny

Lambda phage. Left: Overall structure. Right: Alternative developmental pathways
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Regulatory graph

max =2 maxg,,=3 max g=maxy=1
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&

more general form of biological di erentiation than multis tability

29
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[Disjoint stable subspaces and positive circuits ]

For any state x and | f 1;:::;ng, let X[l ] be the subset of the phase space
consisting in thosey such that y; = x; for i 62 . x[l] is a stable subspacahen
y 2 X[I'] implies f (y) 2 x[I].

Theorem

Boolean case Letf :f0;1g" !'f 0;1g"
f has at least two stable subspaces F 9 x 2f0;1g" such that G(x) has a
positive circuit

Multilevel case Let G be a parameterised regulatory graph
The dynamics has at least two stable subspaces )= G has a positive
circuit

30
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[Future ]

{ Homeostasy =) existence of a negative circuit in aG(x) ? ?

{ Thomas' rules in multivalued formalism : proof of the existence of circuits in a
G(x) (cf. Richard and Comet)

{ The su cient condition (related to the functionality of circuits)

{ Inferenceof the regulatory graph from (temporal) transcriptome data
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