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We consider a wider class of piecewise affine models, not limited to piecewise contractions.
We also consider locally expending dynamics, as in the following modelisation.
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The  biology  of  the  TCRβ  VDJ - recombinations

TCRβ locus:

β-selection +
1st proliferat°

VDJ rgtsFirst DJ rgts

DN1 (CD4, CD8) DN2 DN3 DN4

0 1 2 3 4 5 6 Days
Stages

Process time-window (in the thymus):

Human TCR beta chain gene rearrangement and expression

dynamical
process
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RAG proteins + Recombination Signal Sequences  
⇒  DNA double-strand breaks

+ chromatin remodelling +  DNA repairs  + ???

VDJ recombinations:
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Allelic exclusion: 
•All the following cell types are observed in the thymus, with different proportions:

• In a population less than 1% of cells with a TCRβ are eventually VDJ+/ VDJ+, and around 
60% are VDJ+/ DJ.

• In a cell, there are some early common DNA processing activities on both alleles (such as 
V germline transcripto) as well as some asynchronous activities (such as DNA 
demethylation and replication).

The lingering enigma:

• How is achieved the production of a single type of antigen receptor in the great majority of 
T-cells?

• To which activity(ies) (trans-acting proteins, enhancers or another cis-regulatory 
sequences) is related the establishment of A.E.? 

→  1. Modelling 

→  2. Experimentation
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Our model

1 -  For a single cell:

2 -  For a cell population:
- Piecewise expanding dynamics  ⇒  proba. distrib. funct. on ts, σ and δ 

(“stochasticity” in addition to the “1/3 - 2/3” probability rule of (un-)productive 
rearrangements).

- Piecewise contracting dynamics ⇒  µ, τ time scales
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3 -  For a synchronous cell population:
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ff11

ff22 ff33

0,70 f1 + 0,25 f2 + 0,05 f30,70 f1 + 0,25 f2 + 0,05 f3

ff11

ff22 ff33

0,10 f1 + 0,85 f2 + 0,05 f30,10 f1 + 0,85 f2 + 0,05 f3

ff11

ff22 ff33

0,30 f1 + 0,40 f2 + 0,30 f30,30 f1 + 0,40 f2 + 0,30 f3

δδρρ ρ+τρ+τ

# cells# cells
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ρρ ρ+τρ+τ
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Periodic flux:

Cell trafficking
Synchronous population, no flux:

Thymus compartment

Continuous flux:

Time
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So, what for mutants?
The inhibitory VDJ+ transgenic mutant - the δ-distribution:

germline 
endogenes

VDJ+ transgene

These quantities have sens for an initial synchronous population.
Percentages are given with respect to the total initial population.

p1=p2=0.1 Ρ=1 Tx=10 τ=43

A1 (%) A2 (%) B+C (%) (+/+/+) (%)
P3=     0,02 41,54 33,93 24,52 0,36

0,04 51,44 40,16 8,4 0,06
0,05 55,81 39,32 4,87 0,03
0,1 72,84 26,87 0,29 0
0,15 83,76 16,22 0,02 0
0,2 90,59 9,41 0 0

(D-J/D-J/+) (DJ/D-J/+)
(DJ/DJ/+)

p1=p2=0.2 Ρ=1 Tx=10 τ=43

A1 (%) A2 (%) B+C (%) (+/+/+) (%)
P3=     0,02 29,21 41,09 29,69 1,25

0,04 41,2 48,64 10,16 0,21
0,05 46,49 47,61 5,89 0,1
0,1 67,1 32,54 0,35 0,03
0,15 80,33 19,65 0,02 0
0,2 88,6 11,4 0 0

(D-J/D-J/+) (DJ/D-J/+)
(DJ/DJ/+)
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Conclusions -- Prospectives

• In our model the whole EβVDJβ locus is involved, and the manifestation of the allelic exclusion at 
the population level ensues from the single cell recombination dynamics.

• More experimental data (to come with murine models: PCR, sequencing, ...) for hypotheses 
validation and parameters evaluation.

• The recombination time τ is the same for each single cell, the allele hyndicap δ is only due to the 
stochastic behaviour of the enhancer Eβand the signal time ρ is constant.

• A second recombination tentative of Dβ in each allele is not taken into account…
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• The dynamics is rich, well structured, and not trivial
• Show robustness with respect to initial conditions and parameters, which is biologically relvant

• More results on general networks (complexity, …)

• Experimental temporal series are still not avaiable in full detail. Only « asymptotic » quantities are 
known for the moment.


