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G.R.N. & Discrete-time piecewise-affine models

Gene i <> Node i
Gene density ~ Variable z € R
Action of gene j over A Arrow j — i
gene i Sign s;; € {—1,+1}
Action characteristics Axe Threshold T;; € [0, 1]

Intensity K;; > 0

At each node i of the network, the dynamics on gene densities =, — x! "' is given by:
x;‘d—l — ag;g + Z K;jH (Sij (:EE _ Tw)) Two time-scales, and — Delays
s Discrete time dynamics

with:

e ¢ € [0,1) is constant: extinction rate , i i
0,1) Piecewise (affine) contracting

e H the Heaviside function: > —

H(z)=1ifx >0and H(z) =0ifx <0

dynamical system
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two-node positive circuit:
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two-node negative circuit:

_I_
1./‘\. )
\_/
ot = axl + (1 —a)0l, , 0y =H(Ti2 —xb)
:cé“ = axb + (1—a) o, 0% =
n | 62161
00 | 10
e
VL / /T %0%167

01 —11

[ )

(a) (b)

RN / -

Given a symbolic sequence & — Is it the code C of at least one orbit?
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Main tool of dynamics analysis: Symbolic Dynamics
- Coding: Orbit {z}}iei,n),ten — Symbolic sequence {6}, }+en where
0f; = H (si;(x} — Ti;)) € {0,1}, the code of the orbit.

J

- Conversly: Given a symbolic sequence & — Is it the code C of at least one orbit?

- Admissibility: Yes iff S satisfies an Admissibility Condition (A.C.).

e This A.C. ensures that the sequence of states computed with & provides a sequence

S st.8S=8 =8=¢C.

Orbit {z!} € Attractor
Symbolic sequence {Hf-j}tez satisfying +o£ }

an Admissibility Condition (A.C.) P = Z a’ Z Kijgfj—q_l

g=0 j—r 1

[Consequence of piecewise contracting dynamical system!]

e Verifying these conditions explicitely gives the bounds of the parameter domains
(a,T, K) in which § =C.

- Strategy: Attractor description = Description of admissible sequences!
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two-node positive circuit:

o (Quasi-)periodic orbits: z§ = x5 = ¢(vt + o) Vt € Z, with o € R, ¢(x + 1) = ¢(x)

i.e characterized by a rotation number v € (0,1), exist iff (T%1,712) € If,a,
where I, , are explicitly known!

v(0.8, T) T =Ty = T12+ T12
1 1 TR
.,
L\1_\.
\_\\_\-‘
2/3 — 1/3
-
1/2 — 1/2
1/3 = 2/3
a\\
0 1 7 0 n . 1a a=0.8 T21
’ I,
H(T — z) 1 —~~
. . . f(z)
- In particular v is unique: v = v(a, T%1,712), and
for every a it is a devil staircase for 1751 = T2. .
T xT
- Their exists a non-zero Lebesgue mesure set of initial Structural Stability

conditions in phase space such that the dynamics of every point

in this set is asymptotically conjugate to a rigid rotation on the circle.
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two-node negative circuit:
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What for bigger networks?

Tiy =Ty = 0.5anda =0.93
Dynamical complexity: C(t) = #P* C@) g S |
. | 104; T P B Lk . .
hop < limsup —log C(1) ~ |quadratic upper bound 1 — 4>
f=oo 103; o o 7 7 7 7
Given the regulatory network with d nodes, 10
there exists ag € [0, 1] such that for each
contraction rate a € [0, aol: 0y

complexity of the negative circuit on two vertices |

C(t) <1+ c(1+ct?) with c:= #P° — 1. .

More results on piecewise contracting dynamics:
- Discrete time picewise affine models of genetic regulatory networks, accepted at J. Math. Bio.

- Dynamical complexity of discrete time regulatory networks, Nonlinearity, 19, 2006.

We consider a wider class of piecewise affine models, not limited to piecewise contractions.

We also consider locally expending dynamics, as in the following modelisation.

meyroneinc(@cpt.univ-mrs.fr



The biology of the TCR[3 VDJ - recombinations

TCRp locus: VDJ recombinations:
V1 VBn DL Cpl DP2 RAG proteins + Recombination Signal Sequences
_l#l_H = |'H'-'|'| 44444 .-_ [1 DNA double-strand breaks
Germline DNA + chromatin remodelling + DNA repairs + ???
dynamical
o -l.- Rearranged pra 42 process r

Insertion

- I I - vOJ
V-D- - V-D $

TCR [ chain protein v

- > +
Human TCR beta chain gene rearrangement and expression tlme VD
Process time-window (in the thymus):
B-selection +
1t proliferat®
0 1 2 3 4 ¥ 5 6 Days
DN1 (cp4, cps) DN2 DN3 DN4  Stages

f f

First DJ rgts VDJ rgts
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Allelic exclusion:
*All the following cell types are observed in the thymus, with different proportions:
D-J/D-J, DJ/D-J, DJ/DJ, VDJ+/D-J, VDJ-/D-J,

VDJ+/ DJ, VDJ-/DJ, VDJ+/VDJ-, VDJ+/ VDJ+

* In a population less than 1% of cells with a TCR[3 are eventually VDJ*/ VDJ*, and around
60% are VDJ*/ DJ.

* Ina cell, there are some early common DNA processing activities on both alleles (such as
V germline transcript®) as well as some asynchronous activities (such as DNA
demethylation and replication).

The lingering enigma:

* How is achieved the production of a single type of antigen receptor in the great majority of
T-cells? - 1. Modelling

* To which activity(ies) (trans-acting proteins, enhancers or another cis-regulatory
sequences) is related the establishment of A.E.? — 2. Experimentation
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Our model

1 - For a single cell:

+
Allele 1: ED > > VD
/ ”\ N W
Locally expandlng/ - - ( ) I Locally contracting
Allele 2: ED n > > VD
Ep = 0001 1010111000@@
Early allele:  V-D-J - V-DJ > VDJ+"
Late allele: V-D-J > V-DJ
EB = 0001001110010101 llOlOOlOﬁil
> > E >
ts (o) K T P time

2 - For a cell population:

- Piecewise expanding dynamics [] proba. distrib. funct. on ts, ¢ and &
(“stochasticity” in addition to the “1/3 - 2/3” probability rule of (un-)productive
rearrangements).

- Piecewise contracting dynamics [1 H, T time scales
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3 - For a synchronous cell population:

fy
@
f, f,
0,70 f1 + 0,25 f2 + 0,05 13

+# cells

25%

f, f, f, f,

0,10 f1 + 0,852 + 0,05 3 0,30 f1 + 0,402 + 0,30 f3
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Cell trafficking

Synchronous population, no flux:

Cell Population Evolution Cell Type Evolution
0o
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So, what for mutants?
The inhibitory VDJ+ transgenic mutant - the d-distribution:

4'-0
VP1 VPs Dp1 Cp1 Dp2 ‘ 4R () {(+DJIH+) (+D-J4)
b geémhne (—HH) (—/H) (—/+4)
' . endogenes
----------- 18 -y | C (——1+) (——/+)
H+T-p
1o B
P
i ] A (+/DI/+)
; 1 (+HD-T/+)
T 18 (—DI/+)
; ] (—/DIM)
These quantities have sens for an initial synchronous population. :1 E
Percentages are given with respect to the total initial population. 1 o o
B palre}
p1=p2=0.1 P=1 Tx=10 =43 ; 5 (D] /D1, "'r+)
i
A1 (%) A2 (%) B+C (%) (+1+1+) (%) 3 &
P3= 0,02 41,54 33,93 24,52 0,36 s | Ve
0,04 51,44 40,16 8,4 0,06 3 ~
0,05 55,81 39,32 4,87 0,03 } 5 I.l'p
0,1 72,84 26,87 0,29 0 H
0,15 83,76 16,22 0,02 0 s v
02 90,59 941 0 0 3L S e (+HD-T/4)
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@upu) 3 e (~/D-J/+)
p1=p2=0.2 P=1 T*=10 =43 s, 1° 0 """"""" [N L N — 5
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P3= 0,02 29,21 41,09 29,69 1,25 .
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Conclusions — Prospectives

* The dynamics is rich, well structured, and not trivial

* Show robustness with respect to initial conditions and parameters, which 1s biologically relvant
* More results on general networks (complexity, ...)

* In our model the whole EBVDIp locus is involved, and the manifestation of the allelic exclusion at
the population level ensues from the single cell recombination dynamics.

* The recombination time T is the same for each single cell, the allele hyndicap & is only due to the
stochastic behaviour of the enhancer Eand the signal time p is constant.
* A second recombination tentative of D} in each allele 1s not taken into account...

* More experimental data (to come with murine models: PCR, sequencing, ...) for hypotheses
validation and parameters evaluation.

* Experimental temporal series are still not avaiable in full detail. Only « asymptotic » quantities are
known for the moment.
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