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Introduction

General Motivations

Termination of extensions of typed A-calculus.

» Proofs assistants (strong normalization).

» Functional programming.
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Introduction

A-Calculus with Rewriting

» Terms
tLbue AL) == x | Mt | tu | f(ty,...,ta),
where f € X,,.
> A type system (eg. simple types).
» Rewrite rules of the form
f(ly,...,la) PR T,

where

Fr=4h:Th ... TEL:T,

d  Thr:T
TEf(L,. )T an r
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Introduction
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Let — be a rewrite relation on A(X).
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Introduction

Strong Normalization

Let — be a rewrite relation on A(X).

» Strong normalization (SN
No infinite sequence

t —R ... —R tn —Rr

» Tools to prove that

if Ft:T then teSN
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Type Interpretation

Let — be a rewrite relation on A(X).

» Interpretation of types

TeT — [T]CSN

» Adequacy
Ft:T == t e [T]
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Type Interpretation

Let — be a rewrite relation on A(X).
» Reducibility family

Red C P(A(X)) such that VA € Red. Var C A C SN

» Interpretation of types

TeT +— [T]eRed

» Adequacy
Ft:T == t e [T]

» Red is a complete lattice
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Different reducibility families:

» Tait’'s Saturated Sets [Tai75]
» Girard’'s Reducibility Candidates [Gir72]

» Biorthogonals [Gir87]
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Different reducibility families:

» Tait’'s Saturated Sets [Tai75]
» Girard’'s Reducibility Candidates [Gir72]

» Biorthogonals [Gir87]

Compare them wrt stability by union

0 #£RCRed = [ JReRed

Property used eg. in [BR06, Abe06, Tat07].
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Reducibility

Reducibility

Let — be a rewrite relation on A(X).
» Reducibility family

Red C P(A(X)) such that VA € Red. Var CA CSN

» Interpretation of types

TeT +— [T] €Red

» Sufficient conditions on Red to get an adequate interpretation:

Ft:T = te]T]

9/34
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Saturated Sets (Pure A-Calculus)
» Elimination contexts

E[leés == [] | E[]t
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if E[x] —g v then the reductionisin E[ ],
if E[(Ax.t)u] —gv then the reduction is eitherin E[ ]
orin (Ax.t)u.

» A B-reduct of (Ax.t)u is either tfu/x] or (Ax.t’)u’ with
(t,u) —p (t/,uf).

» Consequence:
If E[the/x]] € SN'g and u € SN g then E[(Ax.t)u] € SNg.
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Reducibility
Saturated Sets (Pure A-Calculus)
» Elimination contexts

» (Non) interaction properties

if E[x] —g v then the reductionisin E[ ],
if E[(Ax.t)u] —gv then the reduction is eitherin E[ ]
orin (Ax.t)u.

» S C SN is asaturated set (S € 8A7) iff

(8AT1) if E[ ] € SN g and x € Var then E[x] € S,
(84T2p) if E[tlu/x]] € Sand u e SN then E[(Ax.t)u] € S.
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Reducibility

Rewriting

» Let R be a rewrite system on A(XZ) whose rules are of the form

f(l],...,ln) PR T

» Saturated sets
In addition to (8471) and (84723) we need
stability by reduction (if t € Sand t — gz uthenu € S),
and that for all E[f (t1,...,t4)],

E[f (t1,...,t4)] =  E[f (t1,...,t0)] €S
% B%\

u €S Un €S
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Neutral Terms

Consider a set of contexts E[ | € £ and a rewrite relation —g.
» Aterm tis neutral (t € N) ifitinteracts with no contexts E[ ] € &:

if E[t] =g v then the reduction is eitherin E[ | orin t.

» £ is a set of elimination contexts if
£ is stable by reduction and by composition and
all variables are neutral and
ifte Mand E[ ] € £thenE[t] € V.

» Example:
&, is a set of elimination contexts for —g.

» Avalue (t € V) is an observable term, ie a term which interacts
with some contexts E[ ] € £.
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Reducibility

Girard's Reducibility Candidates

Assume that £ is a set of elimination contexts for —x.

» C C SN is areducibility candidate (C € CR) iff
C is stable by reduction (if t € C and t —»g uthen u € C) and
C has the neutral term property: for all neutral term t,

t = teC

Eluq] € SN Elu,] € SN = Elt] e SN

13/34
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Biorthogonals [Gir87, Par97, DKO0O, Pit00, MV05]

» Choose a pole
tULE[] =gt E[tl €SN
» Given A CA(Z)and P C €&, let

Al =4 (E[]€& | VteA. tIE[]
P =g {teA(Z) | VE[]€P. tILE[]}

A CA(Z)

Al ceg 1
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Biorthogonals [Gir87, Par97, DKO0O, Pit00, MV05]
» Choose a pole
t UL E[] <=ger Eltl € SN
» Given A C A(Z) and P C &, let

ALl =4 {E[]€& | VteA. tAE[]}
PL =g {teA(D) | VE[]€P. tILE[]}

» () is a closure operator.

PAACSN = AL e er
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Stability by Union

Given a typed rewrite system R,

find a reducibility family Red
which leads to an adequate type interpretation
and such that

f#RCRed = [ JReRed
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Union Types

Stability by Union

T],TzeT

» We put

This validates

[[T1 LJ Tz]]

(U

1)

= ... | THuT,

=def Red([T7] U [T2])

N'Et: T
Frt:THuT,
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Stability by Union

Union Types

T, T,eT == ... | THuT
» We put
[MTUT] =get Red([TH]U[T2])

This validates
r-t:T;

Ul)e—————
( )F Ft:ThuUT,
» If Red stable by union, we have
[MuT] = [LJU[T]
This is sufficient to validate

Nx:TikFc:C
Fr'Et:ThuT Nx:Tokc:C
I'eclt/x]: C

(LE)
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Introduction Reducibility Stability by Union

Unsafe Interaction [Rib07b]
t1+t —r

t1  =gef Ax.xad

Orthogonal Constructor Rewriting

ti1+t, —r

t2  =qef AY.0

Because

t1:Tq tr: x:TiExx:C
ti+t:THuT, x:ThkFxx:C
ity e SN and tot) € SN

Conclusion
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Unsafe Interaction [Rib07b]
t1+t —r ti1+t, —r

t1  =gef Ax.xad t)  =gef AY.0

t1:Th t2: T x:TiFxx:C

ti+t:THuT, x:ThkFxx:C
(t1 +t2)(t1 +t2): C

(LE)

While

(t1+t2)(t1 +t2) — t1t2 — (Ay.d)ad — 66 ¢ SN
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Stability by Union

Unsafe Interaction [Rib07b]
t1+t —r ti1+t, —r

t1  =gef Ax.xad t)  =gef AY.0

t1:Tq t2: T x:TikFxx:C

ti1+t:THuT, x:ThkFxx:C
(t1 +t2)(t1 +t2): C

(LE)

While
(t1 +t2)(t1 +t2) — t1t2 — (Ay.d)ad — 66 ¢ SN

Similar example with a confluent rewrite system.
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Unsafe Interaction [Rib07b]
t1+t, —r tH ti+t, —r
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Stability by Union

Unsafe Interaction [Rib07b]
t1+t, —r tH ti+t, —r
ti: T t: T x:T1kc:C

ti+t:THuT, x:Thkc:C
cl(ty +t2)/x]: C

But
oy
and .
imply

Safe Safe Safe

(LE)

Prevents from having [T; U T,] = [T;] U [T2]-
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Let —g be a rewrite relation on A(X) and £ be a set of elimination
contexts.
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Stability by Union

Sufficient Conditions for [T; U T,] = [Ti] U [T2]

Let — be a rewrite relation on A(X) and £ be a set of elimination
contexts.

Safe Safe Safe

OKif "A < A" ie.iftneutral has a "principal reduct” w:

/t\
o w\)su
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Reducibility Candidates
Let ) # A C CR. We want

Ja e
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» For (CR1), lett € A with (t) , C JA.
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Stability by Union

Reducibility Candidates
Let ) # .4 C CR. We want

Ja e

» SN and (CRO) are OK.

» For (CR1), lett € M with (t)_, C |JA.
If t is not normal, then

Vu(t—-u = thereissome A, € Asuchthatue A,).

That is
te N

SN

u € Ay, Un € Ay,

» We are looking for some i such thatt € Ay,,.
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Reducibility Candidates
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Introduction Reducibility Stability by Union Orthogonal Constructor Rewriting Conclusion

Reducibility Candidates

> Let u Sep tiff every value of u is a value of t, that is

Yv e V. u—Rrv = t—ogv

Given C € CRand t € SN, we have t € C iff

Yv € V. t—=*v = wvecC.

» Ifthereisus.t. t —» uandt <ex u, then we are done:

T — teA,C A

SUE AL -

7 Tl
\)] “e \)n

21/34



Introduction Reducibility Stability by Union Orthogonal Constructor Rewriting

Conclusion

Stability by Union of Reducibility Candidates [Rib07a]

The following are equivalent:
(i) GRis stable by union,

(i) CRis the set of all non-empty subsets C of SN that are
downward closed wrt. <ex.

(i) for every t which is non-normal, strongly normalizing and neutral,

there is a term u such that

t—oru and t<eru
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Stability by Union of Reducibility Candidates [Rib07a]

The following are equivalent:
(i) GRis stable by union,

(i) CRis the set of all non-empty subsets C of SN that are
downward closed wrt. <ex.

(i) for every t which is non-normal, strongly normalizing and neutral,
there is a term u such that

t—oru and t<eru

» u is a strong principal reduct of t.

» This holds for the A-calculus with products and sums
(also [Tat07]).
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Biorthogonals [Rib07b]

» Is the closure by union O of biorthogonals a reducibility family ?
> Letu g tiff

forall E[]e&, if Elu € SN then E[t] € SN

The following are equivalent:
() unions of biorthogonals are reducibility candidates,

(i) for every t which is non-normal, strongly normalizing and neutral,
there is a term u such that

t—ru and us<gyt

u is a principal reduct of t.
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Comparison [Rib07b]

Vt,u € SN. t<e;pu = u<syt

Every strong principal reduct is a principal reduct.

GR stable by union S O CeR

The converse is false, consider
P R AX.Cq P —r AX.C> Ci PR d

Indeed,
P Ler AXx.Cyq but Ax.Ci Ssn P

25/34
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Back to Saturated Sets

Pure A-calculus
» S C SN is asaturated set (S € 8A7) iff
(8ATT) IfE[ ] € SNg and x € Var then E[x] € S,
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Pure A-calculus
» S C SN is asaturated set (S € 8AT) iff
(8ATT) IfE[ ] € SNg and x € Var then E[x] € S,
(84T2p) if E[tlu/x]] € Sand u e SN then E[(Ax.t)u] € S.
Rewriting
» In addition to (8471) and (8AT23) we need
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Back to Saturated Sets

Pure A-calculus
» S C SN is asaturated set (S € 8AT) iff
(8ATT) IfE[ ] € SNg and x € Var then E[x] € S,
(84T2p) if E[tlu/x]] € Sand u e SN then E[(Ax.t)u] € S.
Rewriting
» In addition to (8471) and (8AT23) we need
stability by reduction (if t € S and t —gr uthenu € S),
and that for all E[f (t1,...,t)],

EIf (t1,...,t0)] =  E[f (t1,...,t)] €S
/ \
u €S PR PR un €S

If — has principal reducts, then we only need
> S € 8ATR iff Var'- C S C SN and
(8AT) if E[u] € S and u is a principal reduct of t then
E[t] € S.
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Constructor Rewriting

» Constructors are symbols c of type

FEt:Ty ... Thtn:Ta
FEc(tr,....tn):B

Conclusion
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Orthogonal Constructor Rewriting

Constructor Rewriting

» Constructors are symbols c of type

Fr'Ety:Ty ... Thth: Ty
FFclt,... t):B

» Constructor patterns

p = x | c(p,...,Pn)

» Rewrite rules
f(ph---)pn) PR T

where p1,...,pn are constructor patterns.
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Let R be a constructor rewrite system.

» A subterm (position) u occurs in a redex argument of a term t if

either

t has a subterm (Ax.t;)t; and u occurs in some t; or

t has a subterm f (1;0,...,1l,0) and u occurs in some l;o
where

f(h,...,ln) =R T

» A redex (position) u is external in atermt
if no residual of u occurs in a redex argument of a reduct of t.

» If t —pr u by contracting an external redex of t,
then u is an external reduct of t.
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External Reducts are Strong Principal [Rib08]

Let R be an orthogonal constructor rewrite system.

Let t be a neutral term and u be an external reduct of t.

If t reduces to a value v then u reduces to v.

» If t is neutral and u is an external reduct of t then t <ex u.

» Theorem [ KOOO1]
If R is orthogonal
then every reducible term has an external redex.

If R is an orthogonal constructor  rewrite system
then CR is stable by union.
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We have studied different reducibility families,
and compared them wrt. stability by union.

» Some rewrite systems do not admit reducibility families stable by
union.

» Sufficient conditions to have a reducibility family stable by union.
» Investigation of the structure of Girard’s Candidates.

» For the combination of A-calculus with orthogonal constructor
rewriting, Girard’s Candidates are stable by union.

» In [Rib0O7b], we studied a type system with (LI E) such that for
simple rewrite systems R, the following are equivalent:

(i) terms typable using (U E) are Strongly Normalizing,
(i) the interpretation () : 7 — P*(SN) is adequate.
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